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Consider a finite system of N Brownian particles on the real line. Rank them from bottom
to top: the (currently) lowest particle has rank 1, the second lowest has rank 2, etc., up
to the top particle, which has rank N. The particle which has (currently) rank k& moves
as a Brownian motion with drift coefficient g and diffusion coefficient 0. When two or
more particles collide, they might exchange ranks; in this case, they exchange drift and
diffusion coefficients. This model is called a system of competing Brownian particles. It was
introduced in BANNER, FERNHOLZ, KARATZAS (2005) for the purpose of financial modeling.
Since then, it attracted a considerable amount of attention.

We can also consider infinite systems of competing Brownian particles (with the lowest
particle but no highest particle, that is, with ranks ranging from 1 to co). For both finite and
infinite systems, the gap process is formed by the spacings (gaps) between adjacent particles.
It is N — 1-dimensional for a finite system with N particles and infinite-dimensional for an
infinite system. We say that a triple collision has occurred if three or more particles occupy
the same position at the same time.

In this thesis, we prove several new results about these systems. In particular, we establish
convergence results for the gap process of infinite systems, building on the work of PAL,
PITMAN (2008); and we find a necessary and sufficient condition for a.s. absence of triple

collisions, continuing the research from ICHIBA, KARATZAS, SHKOLNIKOV (2013).
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NOTATION

We denote by Ij the k x k-identity matrix. We let R, := [0,00). For a vector z =
(z1,...,2q) € RY, let ||z]| := (22 + ...+ xfl)l/Z be its Euclidean norm. For any two vectors
x,y € R4, their dot product is denoted by z-y = 219, +. . . +x4yq. We compare vectors = and
y componentwise: x <y if x; <y foralle=1,....d;x <yifx; <y, foralle=1,...,d;
similarly for x > y and x > y. This comparison notation is also valid when d = oo, that
is, when we compare infinite-dimensional vectors. We compare matrices of the same size
componentwise, too. For example, we write z > 0 for + € R% if 2; > 0 for i = 1,...,d;
C = (¢ij)1<ij<a > 0 if ¢;; > 0 for all 4, j. The symbol @’ denotes the transpose of (a vector
or a matrix) a.

Fixd > 1, and let I C {1,...,d} be a nonempty subset. Write its elements in increasing

order: [ = {i1,...,im}, 1 < i3 < iy < ... < ip < d. For any x € R? let [z]; =
(@iy, ..., x;,) . For any d x d-matrix C' = (¢;j)1<ij<a, let [C]; = (Cikiz)lgk,lgm' Let J C
{1,...,d} be another nonempty subset. Write its elements in the order of increase:

JZ{le"'?jl}? 1§]1<j2<<]l§d
Then we denote
[O]IJ = (Cikj5)1§k<m-

In particular, for I = J we have: [C];; = [C];. If p = 1,...,d, then we let [z], :=
(z1,...,1,). We let

We write C([0,T],R?) for the set of continuous functions f : [0,7] — R? For the case
d =1, we write C[0,T] = C([0,T],R?). For A C R¢ we write CZ(A) for the set of twice



continuously differentiable functions f : A — R which are bounded together with their first
and second derivatives.

For z € R? (this includes the case d = 00), we let [,00) := {y € R? | y > x}. We
say two probability measures v, and v, on R? satisfy v; = s, or v, = 1y, if for every
y € R? we have: v[y,00) < 1yy,00). We say that vy is stochastically dominated by vy, or
vy stochastically dominates vy, or vy s stochastically smaller than vs, or vy is stochastically
larger than v;. The same terminology applies to R%valued random variables X, Y: we say
that X is stochastically dominated by Y if the distribution of X is stochastically dominated
by the distribution of Y.

Consider two R?-valued processes Z = (Z(t),t > 0) and Z = (Z(t),t > 0). (This includes
the case d = 00.) We say that Z is stochastically dominated by Z, and write it as Z < Z, if

for every t > 0 and y € R? we have:

P(Z(t) 2 y) <P(£(t) = y).

In otehr words, Z < Z if for every ¢ > 0 we have: Z(t) < Z(t). If the processes Z and Z are
Markov, then by changing the probability space we can move from stochastic domination to
pathwise domination, see [7(), Theorem 5].

The arrow = indicates weak convergence of probability measures or random variables.

The symbol &(a) stands for the exponential distribution with mean o™+

, rate o and density
ae”*dx, v > 0. A standard Brownian motion is a one-dimensional Brownian motion start-
ing from zero with drift coefficient 0 and diffusion coefficient 1. The symbol d, indicates the
Dirac delta measure at the point x.

We call the sequence (ay,...,a,) of real numbers concave if
1
ag > §(Gk+1+ak—1), k=2,...,n—1

Same definition applies to a sequence (ay, as, . ..).
For a positive multidimensional orthant S =R%, we let S; = {x € S | 2; = 0} be the ith

face of the boundary 0S. For a nonempty subset I C {1,...,d}, we let

Sp={xeS|x;=0foriel}



This is called an edge of the boundary 9S of the orthant S.

We use the following metric on R*:

o0

P ((@n)nz1, Wn)az1) =D 27" (LA Jn = yal) -

n=1
This metric corresponds to the componentwise convergence.

We denote by

1 oo
U(u) = E/ e Ay

the tail probability of the standard normal distribution.



Chapter 1
INTRODUCTION

1.1 The Concept of Competing Brownian Particles

Consider a system X (t) = (X1(t),..., Xn(t)) of N Brownian particles on the real line. Rank

them from bottom to top:
Xoy(t) € Xy(t) < ... < Xy (b).

The (currently) lowest particle has rank 1, the next lowest particle has rank 2, etc., up to
the top particle, which has rank N. Assume they move according to the following rule: the
particle which currently has rank £ moves as a Brownian motion with drift coefficient g, and
diffusion coefficient o?, for each k = 1,..., N. Particles can collide and exchange ranks; in
this case, they exchange their drift and diffusion coefficients.

(There is a technical difficulty: if a few particles occupy the same position, then how do
we assign ranks? We resolve ties in favor of the lexicographic order; more on that later.)

In other words, the SDE governing this system is

N
dX;(t) = Z 1 (X;has rank k at time t) (gpdt + opdW;(1)), (1.1)

k=1
where Wy, ..., Wy are i.i.d. standard Brownian motions. In is proved in [6] that this SDE
has a weak solution which is unique in law.

This system was introduced in [3]. The original motivation to study systems of competing
Brownian particles came from Stochastic Finance. An observed phenomenon of real-world
stock markets is that stocks with smaller capitalizations have larger growth rates and larger
volatilities. This can be captured by a system of competing Brownian particles: just let

g1 > ...>gy and 04 > ... > oy, and suppose that for i = 1,..., N, the quantity e*® is



the capitalization of the ith stock at time t. For financial applications and market models
similar to this rank-based model, see the articles [2], [29], [72], the book [27, Chapter 5] and
a somewhat more recent survey [31, Chapter 3].

This model was recently studied in [59], [58], [30], [T1], and other papers. A more extensive
literature review can be found in Chapter 3, Section 3.9.

A particular case is the Atlas model, when
91:1, ggzngZO, 01:...:UN:1.

There, the (currently) bottom particle moves as a Brownian motion with drift 1, all other
particles move as standard Brownian motions.

The gap process is defined as an RY ~'-valued process Z(t) = (Zy(t), ..., Zy_1(t))’, with
1.2 Collisions of Particles

A triple collision occurs when we have:
Xk-1)(t) = Xy (t) = Xgg1)(t) for some k=2,...,N -1, t>0.
A simultaneous collision occurs when we have:
Xy(t) = Xeay(t) and X)(t) = Xggny(t) for some 1<k <I<N -1 and t>0.

A triple collision is a particular case of a simultaneous collision (let k =1 —1).

One motivation to study triple collisions is that the equation has a strong solution
(which is pathwise unique) only up to the first moment of a triple collision. After this
moment, it is not known whether it has a strong solution or not. (This is the result from
[59].)

In the paper [59], it was proved that if the sequence (0,02, 03,...,0%,0) is concave, then

there are a.s. no triple collisions. Conversely, if there are a.s. no triple collisions, then the

sequence (0%, ...,0%) is concave. In Chapter 4, we prove the following result:



Theorem 1.2.1. There are a.s. no triple and no simultaneous collisions if and only if the
sequence (03, ...,0%) is concave. If it is not concave, that is, there exists k =2,..., N — 1

such that

‘713 < % (013—1 + UZH) )

then with positive probability there is a triple collision between particles X g—1y, Xy, X (r+1)-

An interesting corollary: if there are a.s. mno triple collisions, then there are a.s. no
simultaneous collisions.

We also find sufficient conditions for absence of specific types of collisions: for example,
Xa)(t) = X(2)(t) = X(3)(t). Suppose, for the sake of example, that we have N = 4 competing

Brownian particles.

Proposition 1.2.2. If the following conditions

)
907 < Toj + Toj + Tos;

30} < 505 4 03 + 03;
\ 307 + 307 < 503 + 503;

307 < 0% + 03 + bo3;

kQJZ < 70?4 T3 + 703,
hold, then a.s. there does not exist t > 0 such that
Xy(t) = X(t) = X3)(t) = Xia) (1) (1.2)
Moreover, we can make a stronger statement.

Proposition 1.2.3. If the five inequalities from Proposition hold, then a.s. there does

not exist t > 0 such that

X(l)(t) = X(Q) (t) and X(g) (t) = X(4) (t) (1.3)



Proposition 1.2.4. If the five inequalities from Proposition together with

03 > 5 (01 + 03)

hold, then a.s. there does not exist t > 0 such that
Xwy(t) = X(t) = X3)(1)- (1.4)

Similar statements (but with other inequalities involving o7, k = 1,..., N) can be stated
for any N = 5,6,... and for any type of collision between X,..., Xy (for example,
X = Xz = Xy and X5) = X(7)).

It is also shown in Theorem [6.2.2] due to CAMERON BRUGGEMAN that in the N = 4 case
above, if 07 4+ 0% < 03 + 02, then there a.s. there is no ¢ > 0 such that holds. However,

this result has no generalizations for larger N.

1.3 Sketch of Proof for Collisions: an SRBM in the Orthant

The idea of the proof is as follows. The gap process is the so-called semimartingale reflected
Brownian motion, shortly SRBM, in the orthant Rf ~1. We devote Chapter 2 to this process;
now let us just explain it informally. See also the papers [125], [124] for the background. An
extensive literature review is postopned until Section 2.5.

Fix d > 2, the dimension. Let S = ]Rﬁir be the d-dimensional positive orthant. Let
us loosely describe an S-valued stochastic process Z = (Z(t),t > 0), which is called a
semimartingale reflected Brownian motion, shortly SRBM, in the orthant S. First, let us
describe its parameters: a drift vector u € R?, a symmetric positive definite d x d covariance
matriz A, and another d x d reflection matriz R. The process Z = (Z(t),t > 0), which is
also denoted by SRBM%(R, 11, A), has the following properties:

(i) it behaves as a d-dimensional Brownian motion with drift vector p and covariance
matrix A in the interior of S;

(ii) for each ¢ = 1,...,d, at the face S; = {z € S | z; = 0} of the boundary 95, it is

reflected according to the direction r;, the ith column of R.



The gap process is an SRBMY (R, u, A) with the following parameters R, y1, A:

1 —-1/2 0 ... 0
-1/2 1 -=1/2 ... 0
R = o -1/2 1 ... 0
0 0 0 1
02+ 05 —03 0 0
—o3  oi+o; —oF ... 0
A= 0 —02  oi+o0% ... 0
0 0 0 . OX_ Tt oO%

p="_(92 =91, -, 9n —QN—1)/-
From the definition of the gap process Z, one can immediately see that there a.s. no triple
and simultaneous collisions if and only if the gap process Z does not hit non-smooth parts of
the boundary (intersections of two or more faces):

U sins)).

1<i<j<d

The main result of Chapter 4, which corresponds to the author’s paper [103], is as follows.
Under some additional technical conditions, an SRBMd(R, i, A) a.s. does not hit non-smooth

parts of the boundary if and only if
RD + DR' > 2A, (1.5)

where D = diag(A) is a d x d-diagonal matrix with the same diagonal entries as A. Then

we translate this condition into the language of 0%, ..., o%.

Similar method applies to particular types of collisions, as in Examples|1.2.2] [1.2.3] [1.2.4]

Then, we find sufficient condition when an SRBM%(R, s, A) does not hit a particular edge
of the boundary 0S of the orthant, say {z € S| z; = 2z = 0} = S; N S,. (This particular
edge corresponds to the collision X1)(t) = X(2)(t) = X(3)(t).)



1.4 Infinite Atlas Model

Consider now infinite systems of competing Brownian particles, in particular, the infinite
Atlas model. They are defined in the same way as finite systems, only the ranks of the
particles go from 1 to oo, from bottomt to top. So there is the lowest particle at every
moment, but no highest particle. The gap process is defined similarly; now it is an R%°-
valued process.

Existence and uniqueness of such models (even the weak one) is much harder to establish
than that for finite systems: see, for example, [105], [89], and [59]. We find some new results
about existence and uniqueness in Chapter 7 of this thesis.

In the paper [89], it was shown that for the Atlas model with N particles, the gap process

has the following stationary distribution:
N—-1
N —
.= € (Q—k) : (1.6)
1

Also, it was proved in [89] that for the infinite Atlas model, the gap process has the following

stationary distribution:
Too 1= ®5(2). (1.7)
k=1

The idea of the proof is as follows. We approximate the infinite Atlas model by finite Atlas

models. Fsor every k > 1, we have:

N —k
QT—>2 as N—>OO,

() “tends” t0 Tuo.

and so, in some sense, 7
In this thesis, we prove the following results. (The convergence in R* is with respect to

the metric p, that is, componentwise.)

Theorem 1.4.1. (i) For any copy of the the infinite Atlas model, the family of random
variables (Z(t), t > 0) is tight in RS with respect to the metric p. Moreover, any weak limit

point of Z(t) as t — oo is stochastically dominated by mo. In other words, if (t;)j>1 is an
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increasing sequence of positive time moments such that
t; — oo and Z(t;) = v, then v = T.

(ii) Let v be a probability measure on RS® such that mo, = v. Start the infinite Atlas

model with Z(0) «~ v. Such model ezists in the strong sense and is pathwise unique, and
Z(t) = T, t— 00.

(iii) Consider an infinite Atlas model such that for some probability measure v on RS we

have: Z(t) «~ v for allt > 0. Then v = 7.

In other words, any limit point of the gap process has gaps stochastically smaller than
Too- Moreover, if we start the infinite Atlas model with gaps stochastically larger than m,
then the gaps will converge to m,. However, in other cases (for example, when initially the

gaps are stochastically smaller than 7,), we do not know whether the weak limit exists.

1.5 Sketch of Proof for the Infinite Atlas Model

We approximate the infinite Atlas model X by a finite Atlas model of N particles
XN — (X{N) . X](VN)>/.
Rank these particles:

N N N
X0 < X0 <. < XF0),

Then, as mentioned before in (T.6)), the gap process for the finite Atlas model X V)
ZM = (Z2M(t),t 2 0), 2M() = (Z(1),.... 23 (1))

defined by

2 () = X0 - X{) @), k=1,...,N-1, t>0,

has a unique stationary distribution
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and converges weakly to this distribution as t — oo, regardless of the initial distribution.

Suppose that the initial conditions for ranked particles are the same:

You can turn an infinite Atlas model into a finite Atlas model with N particles by removing
the (N +1)st, (IV +2)nd, etc. ranked particles X n11), X(n12), ... When two particles X(y)
and X(y41) in the infinite Atlas model collide, they are pushed apart (because the model
stipulates that X(n)(t) < X(n41)(t)). The particle X(n) “feels the pressure” from X(yi1)
from above.

Now comes the crucial step. Here, we use the comparison statement (proved in [100,
Corollary 3.9], see also Corollary in Chapter 4 of this thesis). This “pressure from

above” decreases the gaps
Zy=Xo)— X1y, Zn-1= Xovy — X(v-1)

between adjacent particles X(yy,..., X(n). In other words, these gaps are smaller in the
infinite Atlas model than they would be without X(n11), X(n42), ..., that is, than they would
be in the finite Atlas model with NV particles. We can write this as

Zt) < 2N, k=1,...,N—1,t>0. (1.8)

But
/
ZM(1) = (z}m(t),...,Z}VN)(t)) = 7™t oo,

Sofork=1,... N—1,
N —Ek

Combining (1.8)) and (|1.9)), we get: for every component Z(t) of the gap process, every weak
limit point is stochastically dominated by £(2(N —k)/N) for any N > k. But N is arbitrary,
and

N —k
2T—>2, N—>OO,
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for any fixed k. So any weak limit point of Zx(t) is stochastically dominated by £(2), for
each k = 1,2,... Slightly changing the argument, we can show a stronger statement: any

weak limit point of Z(t) is stochastically dominated by

Too 1= ®5(2).

This proves part (i) of Theorem Let us prove part (ii). Suppose we start the infinite
Atlas model X with the gaps stochastically larger than m..: Z(0) = 7. The gap process
is stochastically ordered: if we start from (stochastically) larger gaps, then for every ¢ > 0
the gaps will also be stochasticallfy larger. For the finite Atlas model, this follows from
Corollary [4.3.10|(ii) from Chapter 4, which corresponds to [100, Corollary 3.11(ii)]. For the
infinite Atlas model, we show this fact in this chapter, in Corollary[7.3.6] using approximation
by finite Atlas models.

As mentioned earlier, the distribution 7., is a stationary distribution for the gap process
of the infinite Atlas model. In other words, suppose we start a copy X of the infinite Atlas
model with the corresponding gap process Z initially distributed as ms: Z(0) v~ 7o. Then
Z(t) v« 7o for all t > 0. But Z(0) = m «~ Z(0), so by the stochastic ordering of Z we
conclude: Z(t) = Z(t) v 7 for all t > 0. On the other hand, any weak limit point of Z, as
we have just shown, must be stochastically smaller than 7.,. It follows that Z(t) = ., as
t — 0.

Finally, the part (iii) of Theorem follows directly from part (i).

1.6 Organization of the Thesis

Chapter 2 provides background and states already known facts about an SRBM in the
orthant. Chapter 3 does the same for systems of competing Brownian particles. These two
chapters contain almost exclusively the results which are already known. The next four
chapters correspond to the four papers written by the author (which constitute the core of

thesis):
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e Chapter 4, which corresponds to the paper [100], develops comparison techniques, on
which the subsequent proofs are based; the reader has seen some of these techniques

in the sketch of proof of Theorem [1.4.1]

e Chapter 5, which corresponds to the paper [103], proves the condition (1.5)), as well as
Theorem [1.2.1] (as a corollary);

e Chapter 6, which corresponds to the paper [102], deals with statements like Exam-

ples [1.2.2] |1.2.3] [1.2.4 We prove a more general result and get these examples as

corollaries;

e Chapter 7, which corresponds to the paper [101], proves results about infinite systems,
including Theorem |1.4.1] We also added proofs of already known statements from [105]
and [59] to this chapter for the sake of completeness.

Chapter 8 is devoted to some related infinite systems of Brownian particles: double-sided
infinite systems and systems with nonlinear drifts. This material was not included in the

paper [101].
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Chapter 2

SEMIMARTINGALE REFLECTED BROWNIAN MOTION
(SRBM) IN THE ORTHANT

Fix d > 2, the dimension. Let S = Ri be the d-dimensional positive orthant. Let
us loosely describe an S-valued stochastic process Z = (Z(t),t > 0), which is called a
semimartingale reflected Brownian motion, shortly SRBM, in the orthant S. First, let us
describe its parameters: a drift vector u € R?, a symmetric positive definite d x d covariance
matriz A, and another d x d reflection matriz R. The process Z = (Z(t),t > 0), which is
also denoted by SRBMd(R, i, A), has the following properties:

(i) it behaves as a d-dimensional Brownian motion with drift vector u and covariance

matrix A in the interior of S

(ii) for each i = 1,...,d, at the face S; = {z € S| z; = 0}, it is reflected according to the

direction r;, the ith column of R.

If r; = e;, which is the ith standard unit vector in R?, then the reflection on the face S;

is called normal. Otherwise, it is called oblique.

First, we describe the one-dimensional version of this process: a reflected Brownian mo-
tion on the positive half-line R, which was introduced in the articles [107], [I08] by A.
V. SKOROHOD. Then we introduce the deterministic version of this process: the Skorohod
problem, and use it to define an SRBM in the orthant. Later, we list some relevant properties

of this process (without proofs) and conduct a literature review.
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2.1 Reflected Brownian Motion on the Half-Line

Consider a Brownian motion B = (B(t),t > 0) in dimension one, with zero drift and unit

diffusion. Then the process
Z=(Z(t),t>0), Z(t):=|B()|, t>0,

is called a reflected Brownian motion on R, . It behaves as a Brownian motion as long as it
stays inside the half-line, that is, in (0, 00). When it hits zero, it is reflected in the positive
direction, so that it cannot deviate to the negative half-line. Another way to represent the

process Z is as follows:

Z(t) = W(t) + L(t), (2.1)

where

W(t) = 2(0) + /0 sign(B(s)dB(s), 1> 0

is another version of one-dimensional Brownian motion, and L = (L(t),t > 0) is a nonde-
creasing process with L(0) = 0, which can increase only when Z(t) = 0. We can write the

latter property in the form of a Stieltjes integral:

/ " Z(0)dL) = o.

One way to think about this is that dL is the minimal amount of push required to keep
Brownian motion W to the right of zero. When W “wants” to wander into the negative
half-line, we “help” it stay on the positive half-line, but the amount of this “help” is as small
as possible. The process L is called the local time of the Brownian motion W at zero; its
equivalent representation (which is usually taken as the definition) is

1
L(t) := lim — —e < <e}.
(1) im o mes {s €0,t] | —e <W(s) <e}

(Sometimes they refer to the process (1/2)L, rather than L, as the local time.) Respresenta-
tion (|2.1)), which is known as Tanaka formula, can be found in standard stochastic calculus

textbooks, such as [73, Proposition 3.6.8], or [97, Chapter 6, Theorem 1.2]. Consider now a
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deterministic analogue of the Tanaka formula, which is called the Skorohod problem in the

positive half-line.

Definition 1. Take a continuous function X : Ry — R with X(0) > 0. A solution to the
Skorohod problem in R, with driving function X is a continuous function Z : R, — R, such
that there exists another continuous function £ : R, — R with the following properties:

(i) X(t) = Z(t) + L(t), t >0;

(ii) £ is a nondecreasing function with £(0) = 0, which can increase only when [~ Z(t)dL(t) =

The function L is called the boundary term.

The following theorem was proved in the articles [I07], [I08], which pioneered the study

of reflected Brownian motion.

Proposition 2.1.1. For every continuous function X : Ry — R with X(0) > 0, there exists
a unique solution to the Skorohod problem in R, with driving function X, which is given by
the formula

Z(t) = X(t) ~ L), L{t) = max[-X(s)],

0

Next, we move to the multidimensional version of the Skorohod problem.

2.2 The Skorohod Problem in the Orthant

The Skorohod problem in the orthant has one feature which distinguishes it from its one-
dimensional version: direction of reflection matters. That is, in the one-dimensional case we
had only one possible direction of reflection: rightward, back to the positive half-line R, .
Now, consider the multidimensional positive orthant Ri instead of R,. As the Brownian
motion (or any other driving function) hits a face of the boundary, it can be reflected normally

as well as obliquely. In the following definition, we make this observation rigorous.

Definition 2. Take a continuous function X : R, — R? with X (0) € S. A solution to the

Skorohod problem in the positive orthant S with reflection matriz R and driving function X
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is a continuous function Z : Ry — S such that there exists another continuous function
L : R, — R? with the following properties:

(i) for every t > 0, we have: Z(t) = X(t) + RL(t);

(ii) for every i = 1,...,d, the function £; is nondecreasing, satisfies £;(0) = 0 and can
increase only when Z;(t) = 0, that is, when Z(t) € S;. We can write the last property
formally as [ Z;(t)dL;(t) = 0.

The function L is called the vector of boundary terms, and its component L£; is called the

boundary term, corresponding to the face S;, fori =1,...,d.

Remark 1. This definition can also be stated for a finite time horizon, that is, for functions

X, L, Z defined on [0, 7] instead of R,.

For which matrices R do we have existence and uniqueness of a solution to the Skorohod

problem? We need to introduce some definitions.

Definition 3. Take a d x d-matrix R = (r;;)1<;j<a. 1t is called a reflection matrizif r; =1
fori=1,...,d. It is called nonnegative if all its elements are nonnegative, that is, if R > 0;
it is called strictly nonnegative if it is nonnegative and r; > 0 for 2 = 1,...,d. It is called an
S-matriz if there exists a vector v € R?, u > 0 such that Ru > 0. Any submatrix of R of the
form [R];, where I C {1,...,d} is a nonempty subset, is called a principal submatriz (this
includes the matrix R itself). The matrix R is called completely-S if each of its principal
submatrices is an S-matrix. It is called a Z-matrix if r;; < 0 for ¢ # j. It is called strictly
inverse-nonnegative if it is invertible and its inverse R~ is a strictly nonnegative matrix. It

is called a nonsingular M-matriz if it is both completely-S and a Z-matrix.
The following lemma is a useful characterization of reflection nonsingular M-matrices.

Lemma 2.2.1. Suppose R is a d x d reflection matriz. Then the following statements are
equivalent:

(i) R is a nonsingular M-matriz;

(ii) R is a strictly inverse-nonnegative Z-matriz;

(iii) R = 1, — Q, where Q is a nonnegative matriz with spectral radius less than 1.
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Proof. (i) = (iii). Use [55, Theorem 2.5.3]. Since R is completely-S, it satisfies condition
12 from this theorem. Therefore, it satisfies condition 2 from this theorem. We get the
following representation: R = vyI; — (), where v := max;<;<47; = 1, and a d x d-matrix )
is nonnegative with spectral radius less than one. (See the beginning of [55, Section 2.5.4].)

(iii) = (ii). By [85 Section 7.10], we can represent R~* as Neumann series:
R'=L+Q+Q*+...

Since @ is nonnegative, R~! is also nonnegative, and the diagonal elements of R™! are strictly
positive (and even greater than or equal to 1).

(ii) = (i). Apply [55, Theorem 2.5.3] again: condition 17 implies condition 12. Therefore,
there exists x € RY, x > 0 such that Rz > 0, so R is an S-matrix. Take a principal submatrix
R of R and show that it is also an S-matrix. Let R := [R];, where I C {1,...,d} is a
nonempty set. Let  := [z];. Then r;; <Oforie [ and j € I°:={1,...,d}\ I, and

d
(R:Z)Z = Zrij:cj > anxj =(Rx); >0, iel.
jel i=1
Therefore, & > 0 and R > 0. So every principal submatrix of R is an S-matrix, which

proves that the matrix R is completely-S. O

Now, we can formulate the main existence and uniqueness result for the Skorohod prob-

lem, proved in [51, Theorem 1], see also [125 Theorem 2.1].

Proposition 2.2.2. Suppose R is a d x d reflection nonsingular M-matriz. Then for every
continuous driving function X : Ry — R? with X(0) € S, the Skorohod problem in the

orthant S with reflection matriz R has a unique solution.

2.3 SRBM in the Orthant: Definition, Existence and Uniqueness Results

Let us rigorously define an SRBM in the orthant. Take the parameters R, A, u, described
above. Assume the usual setting: a filtered probability space (2, F, (F;)i>0, P) with the

filtration satisfying the usual conditions.
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Definition 4. Suppose B = (B(t),t > 0) is an (F;);>o-Brownian motion in R? with drift
vector p and covariance matrix A. A solution Z = (Z(t),t > 0) to the Skorohod problem
in S with reflection matrix R and driving function B is called a semimartingale reflected
Brownian motion, or SRBM, in the positive orthant S with reflection matriz R, drift vector
p and covariance matriz A. It is denoted by SRBM%(R, ji, A). The process B is called the

driving Brownian motion. We say that Z starts from x € S if Z(0) = x a.s.

We are ready to state an existence and uniqueness result, shown in [51]. (It was shown
in this article for a slightly more resitricted case, but it can be readily generalized for the
given conditions.) This is not the most general result (which we shall discuss a bit later),

but it is sufficient for our purposes.

Proposition 2.3.1. Suppose R is a d x d reflection nonsingular M-matriz. Take a vector
€ R and a d x d positive definite symmetric matriz A. For every x € S, there exists in the
strong sense an SRBMd(R, w, A) starting from x, and this process is pathwise unique. These

processes, starting from different x € S, form a Feller continuous strong Markov family.

The part about existence and uniqueness follows immediately from Proposition [2.2.2]
Now, for the sake of completeness, let us state the most general result, for which the reader

might want to see [96], [115], [18, Theorem 3.1, Theorem 3.2], and [125, Theorem 2.3].

However, we shall not need this result in our thesis.

Proposition 2.3.2. Take a drift vector ;i € R? and a positive definite symmetric d x d-matriz
A. Fiz a starting point x € S. Then the SRBM*(R, u, A), starting from x, exists in a weak
sense if and only if R is completely-S. In this case, this process is pathwise unique. These

processes, starting from different x € S, form a Feller continuous strong Markov family.
2.4 Stationary Distributions and Convergence

Consider the process Z = (Z(t),t > 0), which is an SRBM?(R, i, A) in the orthant S = R?.

If it starts from x € S, then we denote the corresponding probability measure by P, and
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the corresponding expectation by E,. This is a standard notation in probability. Note that
we can also start Z from a distribution Z(0) «~ 7 on S, rather than a fixed point z € S.
Such process exists and is unique in a strong sense (a trivial corollary of Proposition [2.3.1)).

We denote the corresponding probability measure and expectation by P, and E,.

Definition 5. We say that the distribution 7 on S is a stationary distribution for the process
Z if
Z0) 7 = Z(t) ~7 forevery t>0.
In other words, if we start the SRBM from the initial distribution Z(0) «~ 7, then at

every moment this process has the same distribution Z(t) « 7.

Definition 6. Assume that Z has a stationary distribution 7. It is ergodic if this distribution

is unique and for every z € S we have:
|P(z,-) — 7(-)||ltv — 0, t— oo.

We say that Z is exponentially ergodic if there exists s > 0 such that for every z € S we
have:

1P (z, ) = 7()llrv < Cla)e™,
where C(z) > 0.

In this section, we shall enunciate a few known facts about stationary distributions and

convergence. We refer the reader to a comprehensive survey [125].

The following result was proved in [52, Theorem 7.1, Theorem 8.1(i)], see also the afore-

mentioned survey [125] Lemma 3.1(i), (ii)].

Proposition 2.4.1. If the process Z has a stationary distribution, then this stationary dis-
tribution is unique. Moreover, for each i =1,...,d, there exists a finite Borel measure v; on
the face S; such that for every bounded Borel measurable f : S; — R and for every t > 0 we

have:

| t sz - fla)ina).
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These vy, ..., vy are called boundary measures corresponding to the stationary distribution
7. Now, let us state an equivalent characterization of existence of a stationary distribution,
which is useful in the theory of Markov processes. For a subset A C S, let 74 := inf{t > 0 |
Z(t) € A} be the hitting time of A.

Definition 7. We say that the process Z is positive recurrent if for every x € S and every

closed A C S with positive Lebesgue measure we have:
E,74 < 0.

Informally, the process is positive recurrent if it visits every “sufficiently large” set, and
the visit occurs “not too late”. The following fact follows from the general theory of Markov

processes and is proved in [I8].

Proposition 2.4.2. The process Z has a stationary distribution if and only if it is positive

recurrent.

In this subsection, we note that if the process Z is positive recurrent, then it converges to
its stationary distribution exponentially fast. Let P'(z, A) = P,(Z(t) € A) be the transition
function of Z. Then P'(z,-) is a probability distribution on S.

Proposition 2.4.3. If Z is positive recurrent, then it is ergodic.
The following proposition was proved in [I8, Theorem 3.4].

Proposition 2.4.4. Suppose that Z is positive recurrent. Then R is invertible and R™u < 0.

Definition 8. We say that Z satisfies the fluid path condition if for every x € S, the solution
z(t) to the Skorohod problem with driving function x + ut and reflection matrix R has the
property lim; o 2(t) = 0.
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Proposition 2.4.5 ([22], [9]). Suppose that Z satisfies the fluid path condition. Then the

process Z is positive recurrent and exponentially ergodic.

Proposition 2.4.6 ([12]). If R is a nonsingular M-matriz and R~y < 0, then Z satisfies
the fluid path condition.

Let us summarize results for a special case when R is a nonsingular M-matrix. This is

the case which it used for competing Brownian particles. The next corollary is an immediate

consequence of Propositions 2.4.4] [2.4.5] and 2.4.6]

Corollary 2.4.7. Suppose R is a nonsingular M-matrix. Then Z 1is positive recurrent
(or, equivalently, has a stationary distribution) if and only if R~y < 0. In this case, this

stationary distribution is unique and the process Z is exponentially ergodic.
The next proposition was proved for d = 2 in [54] and for d = 3 in [§].

Proposition 2.4.8. For dimensions d = 2 and d = 3, the fluid path condition is not only
sufficient but necessary for positive recurrence. Therefore, in these dimensions the fluid path

condition implies that R is invertible and R~y < 0.

Remark 2. In dimension d = 2, the fluid path condition is equivalent to R~'x < 0. In

dimension d = 3, this is no longer true; see [§].

For a function f : S — R, define

d d 5
Dif(x)=r;-Vf(x), i=1,...,d, Af(x) ::%Zzaijﬁ f(x)

Definition 9. Take a probability distribution 7 on S and finite Borel measures v, ..., v on
Si,...,Sq4. We say that this collection (7, vy, ..., 1vy) satisfies the Basic Adjoint Relationship
if for every f € C%(S) we have:

/S.Af(x)dﬁ(x) —l—i/gi D;f(x)dy(x) = 0.
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Theorem 2.4.9 ([16]). If 7 is a stationary distribution, then it satisfies the Basic Adjoint Re-
lationship together with the corresponding boundary measures. Conversely, if (w,v1,...,Vq)
satisfy the Basic Adjoint Relationship, then m is the stationary distribution, and vy, ..., vy

are corresponding boundary measures.

Definition 10. We say that the process Z satisfies the skew-symmetry condition if
Tijg; + rjiai = 2ry, 1 <i<j<d.

We can also write it as follows:

RD + DR' = 2A,
where D = diag(A) is the diagonal d x d-matrix with the same diagonal entries as A.

Definition 11. We say that a distribution 7 on S has product form if for some distributions

..., Tq on Ry we have:

d
7(dz) = ®7Ti(dl’i), r=(r1,...,2q)"

Proposition 2.4.10 ([52]). Assume that R is a nonsingular M-matriz and b := R~ < 0.
The stationary distribution m of Z has product form if and only if it satisfies the skew-

symmetry condition. In this case,

d

=& (20;'D) .

i=1

Let us also mention a comparison result from [76], see also [74], [75], [78], [93], [77].
This is part of Theorem from Chapter 4: the part concerning solutions of the Skorohod
problem. We reprove it in this thesis, and also prove the other part of this theorem concerning

boundary terms.

2.5 DMotivation and Literature Review

As mentioned in Section 2.1, the study of the reflected Brownian motion started in the

papers [107], [108], see also the book [43], and an article [82]. Multidimensional (normally
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and obliquely) reflected Brownian motion in general regions was also studied in many other
articles, including [114] (convex regions), [119], [120], [81], [I11], as well as [51], [53], [52],
[125] (positive multidimensional orthant).

Studying an SRBM in the orthant is motivated by queueing theory. An SRBM in the
orthant is the heavy traffic limit for series of queues, when the traffic intensity at each queue
tends to one, see [94], [95], [47], [46]; see also related works [48], [62], [80]. We can also define
an SRBM in general convex polyhedral domains in R? see [I7]. An SRBM in the orthant
and in convex polyhedra has been extensively studied, see the survey [125]. A special case
of a convex polyhedron is a two-dimensional wedge, see [121], [122], [116], [123].

An SRBM in the orthant was introduced and defined in [51] and [52]. Stationary dis-
tributions were found in [50], [53], [124], [16] (the two latter papers also study the case of
convex polyhedra). General existence and uniqueness result was proved in [96] (necessaity)
and [I15] (sufficiency). The fluid path condition for positive recurrence was established in
[22], see also [12] for some simpler sufficient conditions (which are stronger than the fluid
path condition). The fluid path condition is not only sufficient but necessary for positive
recurrence in dimensions d = 2, see [54], and d = 3, see [§] (and also related papers [15],
[23]). Under the fluid path condition, an SRBM is not only positive recurrent but converges
exponentially fast to the stationary distribution, see [9]. Some properties of the stationary
distribution in two dimensions were studied in [49].

An invariance principle for an SRBM in the orthant was formulated in [126], and for more
general cases in [127]. Numerical methods for finding the stationary distribution are studied
in [I4]. Comparison techniques similar to ones discussed in Chapter 4 (which corresponds
to the author’s paper [100]) are studied in [74], [75], [78], [93], [76], [77].

The Ph.D. thesis [I8, Chapter 3] by JiM DAI is a useful collection of facts about an
SRBM in the orthant (some of them with proofs).

The Ph.D. thesis [88, Chapter 5] by JANOSCH ORTMANN deals with a generalized reflected
Brownian motion in a polyhedral domain, which is a solution to an SDE. See also the paper

156).
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Chapter 3
COMPETING BROWNIAN PARTICLES

This chapter is organized as follows. First, we define classical systems of competing
Brownian particles, where particles are presumed to have “the same mass”; that is, when
two particles collide, the local time of collision is split evenly between them. Then, we
modify this model to allow for different prpportions of split; these systems have asymmetric
collisions. We then introduce a deterministic analogue of competing Brownian particles: it
is called simply a system of competing particles. It bears the same relation to competing
Brownian particles as the Skorohod problem to an SRBM. We show that the gap process for
systems of competing particles is actually a solution to the Skorohod problem in the orthant.
Next, we state some (already known) properties and results for competing Brownian particles.
Then we move to infinite classical systems of competing Brownian particles. We state the
definition and outline some already known results.

Then we discuss the McKean-Vlasov equation, which is a continuous analogue of a system
of competing Brownian particles. Next, we give a brief introduction to Stochastic Portfolio
Theory, a newly developed area of Financial Mathematics, and mention its connections with
the theory of competing Brownian particles. Finally, we conduct a literature review and

mention some connections to other areas of probability.
3.1 Classical Systems of Competing Brownian Particles

In this subsection, we use definitions from [3]. Assume the usual setting: a filtered probability
space (£, F, (Fi)i>0, P) with the filtration satisfying the usual conditions. Let N > 2 (the

number of particles). Fix parameters

gi,..., gy €ER; o1,...,0n8 > 0.
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We wish to define a system of N Brownian particles in which the k£th smallest particle moves
a Brownian motion with drift g, and diffusion of. We resolve ties in the lexicographic order,

as described in the Introduction.

Definition 12. Take i.i.d. standard (F;):>o-Brownian motions Wy,...,Wx. For a con-
tinuous R¥-valued process X = (X(¢), t > 0), X(t) = (Xy(t),..., Xn(t)), let us define
pi, t >0, the ranking permutation for the vector X (¢): this is a permutation on {1,..., N}
such that:

(1) Xp,)(t) < Xp,(jy(t) for 1 <i < j < N;

(i) if 1 <@ < j < N and Xp,0)(t) = Xp,(j)(t), then pe(i) < p¢(j). (This permutation
always exists and is unique.)

Suppose the process X satisfies the following SDE:

dX;(t) = Upu(k) = i) [g At + o dWi(1)], i=1,...,N. (3.1)

N
k=1

Then this process X is called a classical system of N competing Brownian particles with drift
coefficients gy, . .., gy and diffusion coefficients o3, ... ,04. For i =1,..., N, the component

X; = (X;(t),t > 0) is called the ith named particle. For k =1,..., N, the process
Yi = (Yk(t)v t=> 0>7 Yk<t) = Xpt(k)(t) = X(k)(t)v

is called the kth ranked particle. They satisfy Y1(t) < Ya(t) < ... < Yy(t),t > 0. If py(k) =1,

then we say that the particle X;(¢) = Yx(¢) at time ¢ has name i and rank k.

The coefficients of the SDE (3.1]) are piecewise constant functions of X;(t),..., Xn(t), so
weak existence and uniqueness in law for such systems follow from [6].

A particular case
glzl, ggz...IgNZO, 0'1:...:O'N:1

is called the Atlas model.
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Definition 13. A triple collision at time t occurs if there exists a rank k = 2,..., N — 1

such that Yy (t) = Yi(t) = Y1 (2).
The following result was proved in [59].

Theorem 3.1.1. If 7 s the first moment of a triple collision, then the classical system of
competing Brownian particles has strong existence and pathwise uniqueness up to the moment
7. In particular, if there are a.s. no triple collisions at any time t > 0, then strong existence

and pathwise uniqueness hold on the infinite time horizon.

The question whether strong solution exists after the first triple collision is an open
problem.
Now, let us find an equation for the ranked particles Y,. Define the processes B; =

(Bi(t),t >0),...,By = (By(t),t > 0) as follows:

Bu(t) =Y / 1(pa(K) = i)dIWi(s).

One can calculate that (B;, B;); = d;;t; therefore, these are i.i.d. standard Brownian motions.
For k =2,..., N, let the process L_1x) = (Lk-14)(t), t > 0) be the semimartingale local
time at zero of the nonnegative semimartingale Y, — Y, ;. For notational convenience, we let
Lo1y(t) =0 and L(n,n+1)(t) = 0. Then the ranked particles Yi,. .., Yy satisfy the following
equation:

1 1
Yi(t) = Yi(0) + git + 01 Bi(t) + =Lp—1.1(t) — =

5 2L(k’k+1)(t), k=1,...,N. (3.2)

The equation (3.2)) was deduced in [2, Lemma 1] and [4, Theorem 2.5]; see also [3, Section
3] and [57, Chapter 3].

The process Ly—14) is called the local time of collision between the particles Yi_; and
Yi. One can regard the local time L_1)(t) to be the total amount of push between the
(k — 1)st and the kth ranked particles Y;_; and Yj; accumulated by time ¢. This amount of

push is necessary and sufficient to keep the particle Y) to the right of the particle Y;_1, so
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that Yy_1(t) < Yi(t). Indeed, “left to themselves”, the particles Y;_; and Y, “want” to move
as Brownian motions, which will eventually clearly violate the condition Yj_(t) < Yj(?).
When these two particles collide, the amount of push is split evenly between them: the
amount (1/2)L—1,1)(t) goes to the right-sided particle Y}, and pushes it to the right; the
equal amount (1/2)L 1) (t) (with the minus sign) goes to the left-sided particle Y;_; and
pushes it to the left. One possible physical interpretation of this phenomenon: the ranked
particles have the same mass; so, when they collide, they get the same amount of push.
The local time process L,_1 k) has the following properties: L_1x)(0) = 0, L1 is
nondecreasing, and it can increase only when Yj_1(t) = Yi(t), that is, when particles with

ranks £ — 1 and k collide. We can formally write the last property as
| 1060 £ Vi )L 0) =0, (33
0

3.2 Systems of Competing Brownian Particles with Asymmetric Collisions

If we change coefficients 1/2 in to some other values, we get the model from the paper
[71]. The local times in this new model are split unevenly between the two colliding particles,
as if they had different mass. Let us now formally define this model. First, let us describe
its parameters. Let N > 2 be the quantity of particles. Fix real numbers g¢q,..., gy and
positive real numbers oy, . .., oy, as before. In addition, fix real numbers ¢/, q;, ..., q%, ¢x,

satisfying the following conditions:
Gatag =1 k=1,....N—-1 0<gy <1, k=1,...,N.

Definition 14. Take ii.d. standard (F;);>o-Brownian motions By,...,By. Consider a

continuous adapted R™-valued process
Y = (Y(1), t20), Y(t)=M(),..., @),
and N — 1 continuous adapted real-valued processes

Lig—1p) = (Lg—11(t), t>0), k=2,...,N,



29

with the following properties:
(i) Yi(t) < ... <Yy(t), t>0,

(ii) the process Y satisfies the following system of equations:
Vi(t) = Yi(0) 4+ git + 0 Bi(t) + ¢ Le—14)(t) — @ Lg sy (t), k=1,...,N. (3.4)

We let L 1)(t) =0 and Ly n+1)(t) = 0 for notational convenience.
(iii) for each k = 2,..., N, the process Lz—11) = (Lx-1%)(t), t > 0) has the properties
mentioned above: L1, (0) = 0, Lx—1 ) is nondecreasing and satisfies (3.3)).

Then the process Y is called a system of N competing Brownian particles with asymmetric

collisions, with drift coefficients g1, ..., gn, diffusion coefficients o2, ..., 0%, and parameters

of collision ¢, ... ,q]j\:,. For each k = 1,..., N, the process Y, = (Yi(t),t > 0) is called the
kth ranked particle. For k = 2,..., N, the process L(;_1 ) is called the local time of collision

between the particles Yi_1 and Y.

The state space of the process Y is

WN::{y:(yl,...,yN)'E]RN|y1§y2§...§y1\f}.

Strong existence and pathwise uniqueness for Y and L are proved in [71, Section 2.1]; they

also follow from Lemma [3.4.3] below.

Remark 3. Triple and simultaneous collisions for these systems are defined similarly to Def-

initions 22 and R3]

In the case of asymmetric collisions, we can also define a corresponding named system of

competing Brownian particles.

Definition 15. Consider a continuous adapted process
X =(X(t),t=0), X(t) = (Xa(t),..., Xn(t))"
Suppose p; is the ranking permutation of X (t) for ¢t > 0, as before, and

Yk(t) = ka(t)(t), k= 1, .. .,N, t > 0,
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Let Lx—1%) = (Lk—-1,1)(t),t > 0) be the semimartingale local time at zero of Y, — Y}y, for
k=2,...,N;and L1 (t) = L n+1)(t) = 0 for notational convenience, as before.
Then this system X = (X3,..., Xy) is governed by the following SDE: fori =1,..., N

and t > 0,

AX,(1) = S 1(pi(k) = i) (gedt + o, dWi (1))

M= 1M

+

1(pe(k) = 1) (g — (1/2)) ALk g11)(t)

b
I

1

+ 2 Hpi(k) =) (g — (1/2)) dLg—1,(1).

WE

e
Il

1

It is called a system of named competing Brownian particles with drift coefficients (gn)1<n<n,

diffusion coefficients (02)1<n<n, and parameters of collision (¢)1<p<n-

The ranked particles (Y7, ..., Yy) from Definition |15 form a system of ranked competing
Brownian particles in the sense of Definition [14 However, unlike the system Y from Defi-
nition [I14] which exists and is unique in a strong sense up to the infinite time horizon, the
system X from Definition [15|is known to have strong solutions only up to the first moment
of a triple collision, see [71]. This provides a motivation to find a condition which guarantees
absense of triple collisions. Here, we prove a necessary and sufficient condition for a.s. lack

of triple collisions.
3.3 General Systems of (non-Brownian) Competing Particles

As mentioned in the Introduction, in this chapter we consider not just systems of competing
Brownian particles, but more general systems, with arbitrary continuous functions instead
of Brownian motions. These general systems are called systems of competing particles; they

might be random or deterministic. Let us now define them.

Definition 16. Fix a continuous function X = (Xi,...,Xy) : Ry — RY such that

X(0) € Wy. Take parameters of collision: real numbers ¢, q7,...,q%,qy which sat-
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isfy . Consider a continuous function Y = (Y;,...,Yy) : R — Wy, and other N — 1
continuous functions L 2), ..., Ly—1,n) : Ry — R such that:

(i) Ye(t) = Xi(t) + ¢ L—100(t) — @ Lpopsy(t) for k= 1,...,N and t > 0 (we let
Lo1y(t) = 0 and Ly n11)(t) = 0 for notational convenience);

(ii) Lgrs1)(0) =0for k=1,...,N —1;

(iii) L(gk+1) is nondecreasing for each k = 1,..., N — 1;

(iv) Lk+1) can increase only when Yj(t) = Yi11(t); we can write this formally as the

following Stieltjes integral:

/ (Vi1 (2) — Ya(?)) dL(k,k+l)(t) =0, k=1,...,N-1
0

Then the function Y is called a system of N competing particles with driving function X and
parameters of collisions (q,f)lgkg ~. The kth component Y}, of the function Y is called the kth
ranked particle. The function L j41) is called the collision term between the kth and the &+
Ist ranked particles Y, and Yi11. The vector-valued function L = (L(1,2), L2,3), - - - » L(v—1,3))’
is called the wector of collision terms. We say that this system starts with y, if Y (0) = y.
The gap process is defined as was already shown in the Introduction: this is an Rf ~Lvalued
process

Z=(Z(t), t>0), Z(t) = (Zi(t), ..., Zny_1(t))

Now, for the sake of completeness, we essentially rephrase Definition [14] tying systems

of competing Brownian particles to general systems of competing particles.

Definition 17. Assume the standard probabilistic setting: a filtered probability space
(Q, F, (Fi)>0, P), with the filtration satisfying the usual conditions. Take i.i.d. standard
(Fi)i>o-Brownian motions By,..., By and an Fy-measurable random vector y € Wy. Fix

parameters of collision ¢;", q;, . .., ¢}, ¢y which satisfy

grat+g, =1, 0<qgr <1, n=12,... (3.5)
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Also, fix real numbers g1, ..., gy and positive real numbers o1, ...,0y. Consider a system

Y of N competing particles with the driving function
X=(X,..., X)), X%®) =yp+ gt +0oxBi(t), k=1,...,N, t>0,

and parameters of collision (¢ )j<p<y. Then Y is called a (ranked) system of competing

Brownian particles with drift coefficients g1, ..., gn, diffusion coefficients oy,...,0N, and
parameters of collision (qlf)lgng- The standard Brownian motions By, ..., By are called
the driving Brownian motions. For each k = 1,...,N — 1, the collision term L 41y is

called the local time of collision between Y, and Yj.;. The vector of collision terms L =

(L(1,2): - - -» Liv-1,n))" is called the vector of local times.

Existence and uniqueness for systems of competing particles from Definition [16|is proved
below. (This straightforward proof is completely analogous to the proof for competing Brow-
nian particles, which was given in [71], subsection 2.1].)

We can also define infinite systems of competing particles. Chapter 7 of this thesis, which
is based on the paper [101], deals with infinite systems of competing Brownian particles in

detail. It uses a few facts from Chapter 4.

Definition 18. Let X, Xs,...: Ry — R be continuous functions with X;(0) < X5(0) < ...
Take parameters of collision: real numbers ¢, q,, n=1,2,..., which satisfy .
Consider continuous functions Y7,Ys,...: Ry — R, L 9), L23),... : Ry — R such that
(i), (ii), (iii) and (iv) from Definition [16| are true, for k = 1,2,.... We let L) = 0, as in
Definition . Then the system Y = (Y,Y5,...) is called an infinite system of competing
particles with driving function X = (X, Xa,...) and parameters of collision (¢F),>;. All
other terms are defined as in Definition (16, Similarly, Definition can be adapted for

infinite number of Brownian particles.

Existence and uniqueness theorem is much harder to prove for infinite systems than for
finite systems. Studying infinite systems of competing Brownian particles is the topic of

Chapter 7 (which corresponds to [I01]), where we prove, in particular, existence results.
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In this chapter (see Remark @, we state and prove a few comparison theorems for infinite

systems, assuming they exist.

Remark 4. In the rest of the thesis, when we use the term parameters of collision, we always

assume that they satisfy condition ((3.5).

3.4 Systems of Competing Particles and the Skorohod Problem

The gap process for a system of competing particles is a solution to the Skorohod problem
in the orthant. In particular, the gap process for competing Brownian particles is an SRBM

in the orthant.

Lemma 3.4.1. For a system of competing particles from Definition its gap process is a

solution to the Skorohod problem in the orthant Rﬂ\:_l with reflection matrix

1 —q 0 0o ... 0 0
—q 1 —q¢ 0 ... 0 0
0 —q 1 —q; 0 0
R— d3 . 44 (3.6)
0 0 0 0 1 —qN_1
0o 0 0 0 a1 1
and driving function
(Xo— X1, X3— X, ..., Xy — Xn1). (3.7)

Moreover, the matriz R in (3.6)) is a reflection nonsingular M-matriz.

Proof. Just use the property (i) from Definition [L6} the gap process has the following repre-

sentation:

Z1(t) = Vi1 (t) — Yi(t) = Xpy1 () — Xi(t) + Ligsery () — @ L1, (1) = Qg Lies1,042) (£),

for k=1,...,N —1,t> 0. That R is a reflection nonsingular M-matrix is proved in [71].
For the sake of completeness, let us exhibit the proof. Let us show that R is an inverse-

positive matrix. Let () = Iy_1 — R. Note that () is a nonnegative irreducible matrix, all its
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column sums are less than or equal to 1, and the column sum for the first column strictly less
than 1. Therefore, its spectral radius is strictly less than 1. The proof is in [71], Section 2.1]
and [85, p.682]; see also [85, Exercise 8.3.7(b)]. Therefore, R = Iy_1 — () is inverse-positive.
Since, in addition, r;; < 0 for 7 # j, by Lemma we have: R is an M-matrix. O]

Corollary 3.4.2. For a system of competing Brownian particles from [10], its gap process is

an SRBMY YR, i1, A), where R is given by (3.6), and

o +o03 —o03 0 0o ... 0 0
—0% o5+ 0: —o03 0o ... 0 0
0 —02 o2 +o02 —02 ... 0 0
A= 3 3 4 ' 4 7 (3.8)
0 0 0 0 J]2V72 + 012\/71 _(712\/71
0 0 0 0 _‘712\/—1 ‘712\7—1 + ‘7?\7
=192 — 01,93 — Ga,---,GN — gn-1) - (3.9)

Proof. This follows directly from Lemma [3.4.1} it was, in fact, already proved in [71, Secton
2.1]. O

This connection allows us to prove existence and uniqueness for systems of competing

particles.

Lemma 3.4.3. Fixz the number of particles N > 2. Also, fix parameters of collision

qf[,...,qﬁ. For every continuous function X : R, — RN with X(0) € Wy, there exists

a unique system of competing particles with this driving function and parameters of collision.

Proof. Consider the gaps between consecutive particles:
Zk(t) = Yk+1(t> — Yk(t), k= 1, ce ,N — 1.

Note that the matrix R from (3.6]) is a reflection nonsingular M-matrix, see Lemma m,
and the function (3.7)) is continuous. Therefore, the solution to the Skorohod problem in
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Rf ~! with reflection matrix R and driving function (3.7) exists and is unique. But this
solution is the gap process, according to Lemma [3.4.1] Also, note that

p

Yi(t) = Xa(t) — ¢1 Lag)(t),

YQ(t) = XQ(t) + Q;L(m) (t) - QQ_L(2,3) (t),

(Y (t) = Xn(t) — ayLiv-1.m)(1)

We can find a linear combination of Y7, ..., Yy which eliminates the collision terms: let
‘N ¢ 9o
] = ]_, g = —1+, a3 = :_ 3_, (310)
qz 43 g3
then

Z()(t) = Oéle(t) + ...+ OZNXN(t) = 011}/1(15) + ...+ OzNYN(t).

So we have constructed
Zo(t) = ozlYl(t) + ...+ OéNYN(t), Zl == 5/2 - }/17 ey ZN_1 = YN - YN—l-
These functions Zy, Z1, ..., Zy_1 are unique. Now we can solve for Y3, ..., Yy. Let

Z=(Zy,...,Zn_1) €RY,

then Z(t) = CY (t), where

a1 Gy Q3 ... QN
-1 1 0 0
C=10 -1 1 0
0 0 0 1

Then Y (t) = C~'Z(t) for t > 0. O
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3.5 The Gap Process for Competing Brownian Particles

The results of this subsection are taken from [3], [2], [57], [71], B3], [52], [124]. We can
define the gap process for finite systems of competing Brownian particles (both classical and
ranked) essentially in the same way as for the infinite Atlas model in the Introduction. For

finite models, the gap process is finite-dimensional.

Definition 19. Consider a finite system (classical or ranked) of N competing Brownian
particles. Let

Then the process Z = (Z(t),t > 0), Z(t) = (Z1(t), ..., Zn-1(t)) is called the gap process.
The component Z, = (Z(t),t > 0) is called the gap between the kth and k + 1st ranked

particles.

The following propositions about the gap process are already known. We present them in
a slightly different form then that from the sources cited above; for the sake of completeness,

we present short outlines of their proofs. Let

1 —q 0 0o ... 0 0
— 1 —¢ 0 ... 0 0
0 —qT 1 —q, ... 0 0
R=| B , (3.11)
0 0 0 0 .. 1  —gy,
0 0 0 0 .. —gi, 1
lu’:<g2_91793_947”'791\7_91\7—1)/- (3].2)

The following result is taken from [71], [52].

Proposition 3.5.1. (i) The matriz R is invertible, and R~ > 0, with strictly positive
diagonal elements (R™1),,, k=1,...,N — 1.
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(ii) The family of random variables Z(t),t > 0, is tight in RY ™", if and only if R~*p < 0.
In this case, for every initial distribution of Y (0) we have: Z(t) = m as t — oo, where w is
a unique stationary distribution of Z.

(#i) If, in addition, the skew-symmetry condition holds:
(g1 + qu+1)‘713 = q;aiﬂ + qijalip k=2,...,N—1, (3.13)

then
2

5 2
Oj + Tjp

Proof. Part (i) was proved in |71 subsection 2.1]; see also [103] Lemma 2.1], which in this
thesis corresponds to Lemma [2.2.1] with regard to the matrix R. Part (ii) of the statement
follows from properties of an SRBM mentioned in Chapter 2, in particular, from Proposi-

tions 2.4.1] 2.4.2] 2.4.5] and Corollary [2.4.7 The skew-symmetry condition for an SRBM is

written in the form

RD + DR = 2A,

where D = diag(A) is the (N — 1) x (N — 1)-diagonal matrix with the same diagonal entries
as A. As mentioned in [125, Theorem 3.5], this is a necessary and sufficient condition for
the stationary distribution to have product-of-exponentials form. This condition can be
rewritten for R and A from and as (b.5)). Takei,j =1,...,N — 1 and consider
the condition

TijQj + Qi = 2&@'. (314)

If ¢ = j, then (3.14)) is always true, because for such ¢, j we have: r;; = r; = 1, and a;; =
aij = aj; = 07 + 07, I |i — j| > 2, then (3.14)) is also always true, since r;; = rj; = a;; = 0.
Since the left-hand side and the right-hand side of (3.14) remain the same if we swap ¢ and

7, we need only to check this condition for j =k, i =k —1, where k =2,..., N —1. We get:

_ - _ + _ 2 2 _ 2 2 _ 2
Tij——(]k, Tji——qk, ajj—0k+0k+1, (Zii—Uk_1+Uk, aij__gk-
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Therefore, the condition (3.14)) takes the form

—q, (0% +0i) — @ (0h + 0%) = —20%.
This is equivalent to
(2—a; —af) ok = Gp ok + 40k (3.15)

Note that g, + q,:Zrl =1land ¢; +q;_, = 1. Therefore, we can rewrite asin (3.13) O
For the case of symmetric collisions, we can refine Proposition [3.5.1] Let
9= +...+gx)/k for k=1,...,N.
The following result is taken from [2], [3].

Proposition 3.5.2. For the case of symmetric collisions q,f =1/2, k=1,...,N,

(i) The vector R™'1 can be represented as

R 'Y =2(g1 =1+ G2 — 20N+ 1+ G2+ .+ gy — (N — 1)gy)

=2(01 = N> 2@ —Tn) s> (N = 1) (G _EN))/-
(ii) The tightness condition from Proposz'tz’on can be written as
9. >0qn, k=1,...,N—1.
(#ii) The skew-symmety condition can be equivalently written as
Opi1 —0p=0p—0p_q, k=2,...,N—1;

in other words, oi must linearly depend on k.

(iv) If both the tightness condition and the skew-symmetry condition are true, then

N-1

m=Q)EMN), A=

k=1

4k

m(gk—gz\/)-



Proof. Let us show (i). It suffices to show that if

b= (91— Gn,G1 + 92— 20N>, G1 + Ga+ ...

then
1 1

Rb:——M:—(91—92>92—937--~

2 2

+gn-1— (N = 1)gy),

/
ygN—-1 — QN) .

The matrix R has the form (3.6) with ¢t =1/2, n=1,..., N, so

0

0

1 —1/2 0
~1/2 1 =1/2 0
0 -1/2 1
R: . -/ .
0 0 0
0 0 0

Therefore,

1 1
(Rb)l =b — 552 =01 —gn — 5(91 + g2 — 2§N) =

Similarly, for k=2,... N — 2,

0
0
0

1
~1/2

1 1 1
(Rb)y, = _ébk—l + by — §bk+1 = —§(bk—1 —by) +

1 1 _
= 5= +9) + 5(=grr1 +9

2 2

In the same way, the same check can be done for &k = N — 1. This proves (i).

)=

~1/2
1

1 1

591 - 592-

§(bk — bi11)

1(9k+1 — gk) = (_%H)k-
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(3.16)

Part (iii)

is straightforward, because now ¢© = 1/2 for all k; parts (ii) and (iv) follow from (i) and

(ii).

Example 1. If gy =1, o =93=... =gy =0,and 0y = 09 = ...

model with N particles), then

The following is a technical lemma.

]

= oy = 1 (finite Atlas
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Lemma 3.5.3. Take a finite system of competing Brownian particles (either classical or

ranked). For everyt > 0, the probability that there is a tie at time t is zero.

Proof. There is a tie for a system of competing Brownian particles at time ¢ > 0 if and only
if the gap process at time ¢ hits the boundary of the orthant ]Rf ~!. But the gap process is
an SRBM. And an SRBM Z = (Z(t),t > 0) in RY " has the property

P(Z(t) € ORY ™) =0 for every t >0,
see [52, Section 7, Lemma 7). O

3.6 Infinite Systems: Definitions and Known Facts

In this section, we define infinite classical systems of competing Brownian particles. Infinite
systems with asymmetric collisions are defined and constructed in Chapter 7; this is one of
the new results in this thesis. Here, we state only results which are already known. For more
details, we refer the reader to Chapter 7, which is a version of the author’s article [101].
Chapter 7 also contains detailed proofs of existence and uniqueness statements from [105]
and [59]. These proofs are not due to the author, but we felt that it might be a good idea
to include them in this thesis for the sake of completeness.

Assume the usual setting: (€2, F, (Ft)i>0, P), with the filtration satisfying the usual con-
ditions.

Fix parameters g1, g2, ... € R and 01, 09,... > 0. We say that a sequence (z,),>1 of real
numbers is rankable if there exists a one-to-one mapping (permutation) p : {1,2,3,...} —

{1,2,3,...} which ranks the components of x:
Tpi) < xpy) for 4,5 =1,2,..., i<}

As in the case of finite systems, we resolve ties (when x; = x; for i # j) in the lexicographic
order: we take a permutation p which ranks the components of x, and, in addition, if i < j
and p(;) = Tp(j), then p(i) < p(j). There exists a unique such permutation p, which is called

the ranking permutation and is denoted by p,. For example, if v = (2,2,1,4,5,6,7,...),
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then p,(1) =3, p.(2) =1, p.(3) =2, p.(n) =n, n > 4. Not all sequences of real numbers

are rankable: for example, z = (1,1/2,1/3,...)" is not rankable.

Definition 20. Consider a R*-valued process
X = (X(t),t = 0), X(t) = (Xu(t))n>1,

with continuous adapted components, such that for every ¢ > 0, the sequence X(t) =
(X, (t))n>1 is rankable. Let p; be the ranking permutation of X (¢). Let Wy, W, ... be i.i.d.

standard (F;):;>o-Brownian motions. Assume that the process X satisfies an SDE

(e}

dX;(t) = Upi(k) = i) (grdt + oxdW;(t)), i=1,2,...

k=1
Then the process X is called an infinite classical system of competing Brownian particles
with drift coefficients (gi)r>1 and diffusion coefficients (o2);>1. For each i = 1,2,... the
component X; = (X;(t),t > 0) is called the ith named particle. If we define Y3 (t) = Xp, x)(%)
for t > 0 and k = 1,2,..., then the process Y, = (Yi(¢),t > 0) is called the kth ranked

particle. The RP-valued process

defined by
Zk(t) - Yk-‘rl(t) - }/}i(t)a k= 1727 BRI t> 07

is called the gap process. If X(0) = x € R*, then we say that the system X starts from x.

In the papers [105] and [59], an existence and uniqueness result was proved. We do not
cite it here, instead referring the reader to Chapter 7, where we state it in a slightly different
and arguably more convenient form, as Theorem [7.2.1}

As mentioned in the Introduction (Chapter 1), the infinite Atlas model is a particular

case of a infinite classical system of competing Brownian particles, with

91:1, 92293:...:0, 01:02:‘..:1.

The following result was proved in [89]
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Proposition 3.6.1. There exists a version of the infinite Atlas model with
Z(t) ~ Q) EQ2) forall t>0.
k=1

This is an example of a stationary distribution for an infinite system. Whether it is
unique or not is an open question. This is in stark contrast with finite system, where the
stationary distribution for the gap process, if it exists, is always unique. In Chapter 7, we
reprove this result in a simpler way, as a corollary of more general results for general infinite
systems (not just the infinite Atlas model).

For infinite systems, we define triple collisions in the same way as for finite systems. In

the paper [59], the following result about triple collisions was proved.

Proposition 3.6.2. Under assumptions of Theorem if the sequence (0,0%,05,...) is
concave, then there are a.s. no triple collisions. If there are a.s. no triple collisions, then
the sequence (0%,03,...) is concave. A strong solution exists and is pathwise unique up to

the first moment of a triple collision.

In Chapter 7, we improve the result about triple collisions. It turns out that it is necessary

and sufficient for the sequence (07,03, ...) to be concave for absence of triple collisions.

3.7 Propagation of Chaos and McKean-Vlasov Equation

Consider a system of N randomly moving and interactng particles (not necessarily competing
Brownian particles). They are, of course, not necessarily independent. Now, let N — oo. If it
happens that the limiting processes are i.i.d., this phenomenon is called propagation of chaos.
When the number of particles was finite, they were dependent on each other, so there was
some “order” in the system. But when the number of particles started increasing to infinity,
then the “order” vanished, in the sense that each particle started moving independently
of all other particles. This term is also applicable if we are talking about real-valued or

finite-dimensional random variables, instead of random processes.



43

A McKean-Vlasov equation is a type of SDE where the drift and diffusion coefficients
depend not only on the current position of the solution, but on the current distribution of
the solution. Namely, let X = (X(¢),t > 0) be a real-valued stochastic process, and let
Fy(z) := P(X(t) < x) be the cumulative distribution function of X (t), for every ¢ > 0.
Take a standard Brownian motion W = (W (t),t > 0), as well as functions ¢,o : [0,1] — R.

Consider the following equation:
dX(t) = g(F(X(¢)))dt + o (F,(X(t)))dW (t). (3.17)

Under some additional technical assumptions, see [69] and [67], we can also write a PDE for

the cumulative distribution function Fy(z):

OF,(z) 107(X(Fy(x))) 0(G(F(x)))
ot 2 022 B Ox ’ (3.18)

where G and X are antiderivatives of g and o

G(x) = /Omg(y)dy, N(z) = /O‘TUQ(y)dy'

This PDE (3.18)) is called a porous medium equation. This equation describes various physical
phenomena such as infiltration of water into a porous medium an evaporation of water from
soil, see [117] and the references therein. This is a quasilinear parabolic equation with respect
to the two-variable function Fj(x), which means that it is linear in the derivatives of the
function Fj(x), but not in this function itself. In this respect, this process X is different from
an ordinary diffusion process, when the PDE for its cumulative distribution function is linear
parabolic. This is why sometimes the process X is called a nonlinear diffusion process.

The so-called Viasov equation models plasma consisting of charged particles with Coulomb
interaction. In [84] and [83], McKean observed that in a large ensemble of plasma particles,
each individual particle moves randomly with cumulative distribution function as in .
Note that the equation is the same for each individual particle; this is precisely the phe-
nomenon of propagation of chaos. This equation was used to describe limiting behavior
for some other large systems of interacting particles in [19], [42], [41], [112] and [113].
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Now, recall the classical system of N competing Brownian particles from Definition [12}

N
ax ™) =3 (pulk) =) (ot + o Vami@) i =1, N, (3.19)

k=1
We explicitly stated dependence of N in the superscript. Here, p; is the ranking permutation
on {1,...,N}: if the particle X; has rank k at time ¢, then p;(k) = 4, and p; ' (i) = k. Now,

consider an empirical measure:

1 — 1 —
(N) _ _
e =5 Z Ox(t) = N Z OX (4 (1)
k=1 k=1
with cumulative distribution function
(N) L, .. 1
FV(x) = N#{Z =1,...,N| X;(t) <z} = Nmax{k: L...,N | Xp(t) < x}.
Therefore, if there is no tie at time ¢ (which happens with probability 1)

PO = £ @)

Define the functions

as follows:

We can write the SDE (3.19)) as
dXM () = ¢ (Ft(N) (X,-(t))) dt + o) (Ft(N) (Xi(t))> dWi(t), i=1,...,N.  (3.20)

One can see that this bears clear resemblance to the SDE for a nonlinear process. The
equation , or its equivalent formulation , can be viewed as a discrete version of the
McKean-Vlasov equation . So it is natural to anticipate that there is a special version
of the law of large numbers. If, in some sense, ¢g¥) and o) are discrete versions of the
functions g and o, then the discrete system ([3.20)) converges to a continuous system .

This means that the empirical measure ugN) converges to the distribution of X (¢) from (3.17)).
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This was proved in a general version in [20] as a trivial corollary of a large deviations
result. (As always, large deviations principle serves as a refinement of a law of large numbers,
and the latter trivially follows from the former.) See also Section 3.9, devoted to literature

review.

3.8 Applications to Stochastic Portfolio Theory

Let us outline a brief and informal introduction to Stochastic Portfolio Theory, a newly
developed area of financial mathematics. The foundations of this theory were developed in
the articles [33], [28], [25], [26], and the mongraph [27]. This theory is descriptive, as opposed
to normative; it is consistent with the actual real-world stock market behavior and allows to
construct successful investment strategies.

Let us model a market with N stocks. Consider N strictly positive stochastic processes
X = (Xi(t),t >0), k=1,...,N.

The quantity X(¢) is the capitalization of kth stock at time t. The total market capitalization
is defined as

S(t) := Xy(t) + ... + Xn(2).

The market weight of the kth stock is given by

A portfolio is an RY-valued process

m=(m(t),t >0), 7w(t)=(m(t),...,7n(t)),

with |m;(t)] < K, andm(t) + ...+ wy(t) = 1. The quantity 7 (t) represents a share of the
total wealth invested in the kth stock. This framework allows short selling, when some 7 ()
are negative. If all 7 (t) are nonnegative, this is called a long-only portfolio. The wealth

process VT = (V7 (t),t > 0) is a strictly positive process such that VV7(0) = 1 and

V() S mlt) aXi() g

V(t) Xi(t) 7
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One example of a portfolio is the market portfolio, where m = pu. This means that we
simply buy a share of the whole stock market. The corresponding wealth process is V#(t) =
S(t)/S(0). We say that portfolio 7 represents an arbitrage opportunity relative to portfolio

p on the time horizon T if
V™(T) > VP(T) as., V(T) > VP(T) with positive probability.

If the strict inequality holds a.s. we say that 7w provides a strong relative arbitrage. The

market is called diverse if there exists § > 0 such that
pr(t) <1—¢ forall k=1,...,N and t>0.

Examples of such models were constructed in [32], [31] and [99]. We say that a model has
sufficient intrinsic volatility if there exists A > 0 such that for allt > 0 and £ = (&,...,¢n)" €

N
R™,
N N

k=1 I=1

The following fundamental theorem was proved in [27], [31], [32].

Proposition 3.8.1. For a diverse market model with sufficient intrinsic volatility, there
exists a portfolio which provides a strong relative arbitrage relative to the market over suffi-

ciently long-term horizon T.
One example is a diversity-weighted portfolio: take some p € (0, 1), and let

1, (1)
7Tkt = 5 tZO, kzl,,N
W= a0+ im0

See also a recent paper [118]. More examples can be constructed using functionally generated

portfolios, see [27, Chapter 3.

We say that a market model admits an equivalent martingale measure Q if Q is equivalent
to the original measure P on the filtration Fr for each T' > 0, and under this new measure,
each process X;, i =1,..., N, is a martingale.

It can be shown that if a model admits an equivalent martingale measure, then it does

not allow arbitrage (relative to any portfolio). Let us quote the book [27, Section 3.3]:
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It is difficult, if not impossible, to test the validity of the no-arbitrage hypoth-
esis empirically. In the literature, no-arbitrage frequently follows from the as-
sumed existence of an equivalent martingale measure, and the existence of such
a measure is not amenable to statistical verification. [...] [The above example]
shows that arbitrage is possible in a market that seems eminently well-behaved.
[...] From a normative point of view, weak diversity seems like an innocuous
enough assumption, and it would surely be imposed upon an actual equity mar-
ket by any credible antitrust regulation. Compare this mild assumption to the
all-encompassing existence of an equivalent martingale measure. The former im-
plies arbitrage, the latter no-arbitrage. [...] In light of this discussion, it would
seem that the no-arbitrage hypothesis must be relegated to the class of “empiri-
cally undecidable” statements, along with the older problem of determining the

number of angels that can dance on the head of a pin.

One class of market models is based on competing Brownian particles. Take a classical
system of N competing Brownian particles Y = (Y1, ..., Yy)" with drift coefficients (g, )1<n<n

and diffusion coefficients (07)1<k<xn. Now, let
Xip(t) =W >0, k=1,...,N.

Then X = (Xi,...,Xy) is a market model. This model was introduced in [3]. It is not
diverse and it does not allow arbitrage, because it admits an equivalent martingale measure
(GIRSANOV removal of drifts).

One of the aims of this model is to capture the real-world phenomenon which was already
mentioned in the Introduction: stocks with smaller capitalizations have larger growth rates

and larger volatilities. In the context of this model, we must have
G1>ga>...>gy and 0 > 05> ... > 0x.

There is another usage of this model: to explain the FERNHOLZ curve.
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Figure 3.1: Capital distribution curves: 1929-1999

Take real-world data of stocks. Calculate their market weights and rank them from top to
bottom according to their capitalizations (or, equivalently, their market weights): let 1) (%)
be the kth largest market weight at time ¢. Consider the log-log plot log k — log (1), at
different moments ¢. For this example, take ¢t to be December 31 of eight different years:
1929, 1939, 1949, 1959, 1969, 1979, 1989, 1999. (More detailed information on which stocks

were included can be found in [27, Section 5.1].) The result is shown in FIGURE 3.8
The plot shows remarkable stability over time and linearity in its upper part.

We can explain this with the use of the model described above, based on competing
Brownian particles. More precisely: Take large N and consider a system of competing
Brownian particles with drift coefficients gy,...,gny and diffusion coefficients 0%, ..., o%.
Assume that the gap process is in its stationary distribution. The ranked market weights are

functions of the gap process. Indeed, if Y;)(¢) is the jth smallest particle at time ¢ (note the

difference between ranking the market weights and ranking competing Brownian particles),
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then
exp Y‘(N—k—s—l) (t) 1
ey (t) = ( ) = ,

i exp (Y5 (1)) % exp (Yi)(t) = Yin—rs1)(1))

and Y(;)(t) — Y(n—r41)(t) is a sum of a few gaps. So the vector of ranked market weights

(h®), - - e (©))

is also in its stationary distribution. We can take large N and adjust parameters g1, . .., gy, 07, . . .

so that this log-log plot under the stationary distribution has the form shown in Figure |3.8|.
This was done in [3]. In the paper [II], this stationary distribution is investigated when
N — o0, under some assumptions on the coefficients. It turns out that in some cases (for
example, the Atlas model), as N — oo, the stationary distribution for ranked market weights
converges to the so-called Poisson-Dirichlet point process, which has the property that the

log-log plot is (approximately) linear.

3.9 Literature Review

Classical systems from Definition [12] were introduced in [3]. The formula (3.2)), together
with the connection between the gap process and an SRBM in the orthant, were proved
in [2]. Proposition was proved in [89], [2] and the thesis [57] by TOMOYUKI ICHIBA.
The paper [II] contains limit theorems for the stationary distribution of the gap process
as the number N of particles goes to infinity. Rate of convergence for the gap process to
this stationary distribution is found in [60], [65]; in the latter paper, the rate of convergence
in y2-distance does not depend on N, the number of particles. Concentration of measure
results are proved in [90]. Poincare inequalities for the system in its stationary distribution
are proved in [65] and [60]. The paper [68] deals with a small noise limit, when diffusion
coefficients tends to zero.

Relation to stochastic finance is shown in the articles [66], [11], in the survey [31], and in
an earlier book [27]. See also a recent article [34], which uses the model to study economic

inequality and tax policy.
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Propagation of chaos (see Section 3.7) was studied in the paper [67]. The paper [65] also
contains some comparison results about classical systems of competing Brownian particles,
somewhat similar to the ones in Chapter 4. The paper [20] deals with large deviations for
classical systems of competing Brownian particles.

There are several generalizations of these systems: [105] (systems of competing Levy par-
ticles), [30], [29], [2] (second-order stock market models, when drift and diffusion coefficients
depend on both ranks and names).

As mentioned before, systems with asymmetric collisions from Definition [14] were intro-
duced in [71]; this paper also deals with triple collisions (obtaining a partial result on the
problem which is completely resolved in Chapter 5 of the current thesis), as well as recurrence
and stationary distributions of the gap process.

Infinite (classical) systems of competing Brownian particles were introduced in [89] (where
they proved that the distribution 7y, from ((1.7)), which is an infinite product of exponential
distributions with rates 2 is a stationary distribution for the gap process of the infinite
Atlas model, see Chapter 1). The papers [105] and [59] deal with existence and uniqueness
questions, as well as triple collisions. Sections 5 and 7 are continuation of research carried
out in these three papers. In a recent paper [21], it is proved that the scaling limit of the
lowest-ranked particle in the infinite Atlas model is the fractional Brownian motion with
Hurst parameter H = 1/4. This is similar to the HARRIS model from [45], which is a double-
sided infinite system of Brownian particles with zero drifts and unit diffusions (we consider
double-sided infinite systems in Chapter 8 of this thesis).

Other ordered particle systems derived from independent driftless Brownian motions were
studied by ARRATIA in [1], and by SZNITMAN in [I12] and [I13]. Several other papers study
connections between systems of queues and one-dimensional interacting particle systems:
[79], [109], [35], [36], [37], [104]. Links to the directed percolation and the directed polymer
models, as well as the GUE random matrix ensemble, can be found in [5] and [87]. (References
in this paragraph are quoted from [89].)

Systems of competing Brownian particles with asymmetric collisions are related to the
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theory of exclusion processes: it was proved in [71, Section 3| that these systems are scaling
limits of asymmetrically colliding random walks, which constitute a certain type of exclusion
processes. In addition, thse systems are also related to random matrices and random surfaces
evolving according to the KPZ equation, see [38].

Propagation of chaos results and convergence to McKean-Vlasov equations were a subject
of extensive research. This convergence was proved in [I06] for the case when the system of
competing Brownian particles from has the gap process in its stationary distribution,
and the function o2 is affine; in this case, this stationary distribution has product of expo-
nentials form, see Proposition . [t was proved in a stronger form (pathwise rather than

2 is constant, and G is convex. In

weak pointwise convergence) in [65] for the case when o
this article, they also studied propagation of chaos for projected particle system, that is, the
projection of (Xy,..., Xy) onto the hyperplane z; +...+ 2y = 0. In [67], convergence of the
empirical cumulative distribution function to , and convergence of the empirical mea-
sure to the solution of was shown under fairly weak conditions on g and 2. In fact, in
this paper, systems of competing Brownian particles were used as discrete approximation to
show existence of the solution to (3.17)). In the papers [65] and [67], a system of competing
Brownian particles need not have the gap process in its stationary distribution. In the paper
[64], they proved propagation of chaos for a particular case: g(u) := 0 and si*(u) := 2qu?™*
for some ¢ > 1. See also a related paper [63].

In the paper [98], propagation of chaos is established for stationary distributions instead
of the processes. Namely, it is shown that a stationary distribution for a projected system

of competing Brownian particles converges to the stationary distribution for the McKean-

Vlasov equation.
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Chapter 4
COMPARISON TECHNIQUES

This chapter, which corresponds to the author’s paper [100], is organized as follows. In

Section 4.1, we provide some intuitive simple examples. In Section 4.2, we state the main

results: Theorems [4.2.1] and 4.2.2] Section 4.3 is devoted to simple corollaries, which are

applied in later chapters. Section 4.4 contains proofs of Theorems4.2.1land [4.2.2] In Section

4.5, we study the case of totally asymmetric collisions, when parameters of collision are
allowed to be equal to 0 or 1. Section 4.6 is an Appendix, which contains some technical

lemmata.

4.1 Simple Examples

As a preview, let us mention a few (rather intuitive) results proved in this chapter. They
are applied in Chapter 7, which corresponds to the author’s paper [I0I]. See also the sketch
of the proof of Theorem [1.4.1}in the Introduction.

(i) If we remove a few competing Brownian particles Yy i1, ..., Yy from the right, the
positions of the remaining particles Y;(¢), ..., Yy (t) at any time ¢ > 0 shift to the right (in the
sense of stochastic comparison), because they no longer feel pressure from the right, exerted
by the removed particles. Moreover, the local times Ly 41y (t) stochastically decrease, and
the gaps Z(t) stochastically increase, for k =1,..., N — 1. (Corollary [£.3.8])

(ii) If we shift (in the sense of stochastic comparison) initial positions Y;(0), k = 1,..., N,
of all competing Brownian particles to the right, then their positions Yj(t), at any fixed time
t > 0 also shift to the right, in the sense of stochastic comparison. (Corollary (i).)

(iii) If we stochastically increase the initial gaps Z;(0), k = 1, ..., N—1, between particles,

then at any time ¢ > 0 the values of the gaps Z(t) also stochastically increase, and the local
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times Y{j r+1)(¢) stochastically decrease, for k = 1,..., N — 1.(Corollary (4.3.10] (ii).)
(iv) If we stochastically increase the values of parameters ¢, ..., qy, then the particles
Yi(t), ..., Yn(t) stochastically shift to the right. (Corollary [4.3.11})

We get these (and similar) results as corollaries of the two main results stated in section

4.3: Theorems [4.2.1] and [4.2.2l These two theorems deal with general systems of com-

peting particles, which are generalizations of competing Brownian particles: they have ar-
bitrary continuous driving functions Xi(t),..., Xx(t), in place of Brownian motions g1t +
o1B1(t),...,gnt + onBn(t).

Although these results are intuitive and natural, their proofs turn out to be very compli-

cated and technical. Essentially, we approximate the RY-valued function

(git + 01 Bi(t), ..., gnt + on By (1))

by piecewise linear functions with each piece parallel to a coordinate axis. For such piecewise
linear functions, we can solve for Vi, ..., Yy explicitly and compare these solutions piece by

piece.
4.2 Main Results: Theorems [4.2.1] and [4.2.2]

Let us now state the two main results of this chapter. The first result is devoted to the
Skorohod problem in the orthant. It states that the solution to the Skorohod problem and
the boundary terms are, in some sense, monotone with respect to the driving function and

the reflection matrix.

Theorem 4.2.1. Fiz the dimension d > 1 and let S = ]Rﬂlr. Consider two continuous

functions X, X : Ry — R? such that X (0), X(0) € S, and

X(0) < X(0), X(t)— X(s

~—

< X(t)—X(s), t>s>0. (4.1)

Take two d x d reflection nonsingular M-matrices R and R such that R < R. Let Z and

Z be the solutions to the Skorohod problems in the orthant S with reflection matrices R, R,
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and driving functions X, X, respectively. Let L, L be the corresponding vectors of boundary

terms. Then

Z(t) < Z(t), L(t)— L(s) > L(t)— L(s), t>s>0.

Let us explain this informally. Suppose we make the values X (¢),¢ > 0, and increments
X(t) — X(s), 0 < s < t, of the driving function X, as well as the off-diagonal elements
rij, © # j, of the reflection matrix R, smaller. (The diagonal elements r;;, i = 1,...,d, by
definition, are always equal to 1.) Then the value Z(t) to the Skorohod problem Z decreases
(at any fixed time ¢ > 0), and the values of boundary terms L;(t), i = 1,...,d, increase.

This is what one would expect: if the driving function X decreases, this will cause the
“driven function” Z also to decrease, at least until Z is moving inside the orthant S. Indeed,
Z “wants to follow” X, by definition of the Skorohod problem. However, since the values
Z(t) of the function Z become smaller at any fixed time ¢ > 0, the process Z hits the
boundary more often.

And this leads to increase in the boundary terms, which grow when Z hits the boundary,
and which are “helping” Z to stay in the orthant S. (Recall that the driving function X
starts from the orthant but can leave it later.) The boundary terms L,;(t) > 0 become larger,
while the off-diagonal elements r;; <0, @ # j, of the reflection matrix R become smaller. So
the terms 7;;L;(t) < 0 become smaller for all ¢ # j. The term r;L;(t) = L;(¢) is the only

term in decomposition
d
j=1

that becomes larger, but it cannot make Z; larger than it already is, because it grows only

when Z; = 0, and Z; > 0 always.

Remark 5. Note that the condition that the reflection matrix R has non-positive off-diagonal
elements (in other words, that it is a nonsingular reflection M-matrix) is crucial. Suppose
that 791 > 0. When Z hits the face S, that is, when Z;(t) = 0, the boundary term L; might

increase by some increment dL;(¢). So the component Z, might get additional increase
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ro1d Ly (t). Consider a concrete example: two driving functions X and X, with
Xi(t)=—t, Xi(t) =1—t, X;(t) = X;(t) =1, i=2,...,d.

These functions satisfy the conditions of Theorem Let R = R be a reflection nonsin-
gular M-matrix. Let us solve the Skorohod problem in the orthant S for reflection matrix
R and driving functions X and X. The function X hits S; already at time ¢t = 0, but X
does this at time ¢t = 1. So Z, gets some of this increase mentioned above before Z, does.

Actually, one can find the solutions explicitly: for ¢ € [0, 1],
ZQ(t) =1+ Tzlt, ZQ(t) =1.

Therefore, the statement of Theorem [4.2.1]is not true in this case.

The part of Theorem concerning the functions Z and Z is already known: see [76],
[93], [78], [44]. However, we present a different method of proof, which allows us to compare
not just solutions to the Skorohod problem, but boundary terms as well. This comparison of
boundary terms plays crucial role in some of the proofs in Chapter 7 (based on the author’s
paper [101]). We could not find the results about boundary terms in the existing literature;
this served as a motivation for Theorem [4.2.1]

The other theorem deals with systems of competing particles. Consider a system of N
competing particles. If we increase the values and increments of driving functions, as well
as the coefficients ¢, n =2,..., N, then the output Y (¢) (positions of competing particles)
will increase, too. Increasing coefficients ¢, n =2,..., N, has the following sense: for each
n, at every collision between the ranked particles Y,, and Y,,, 1, the share of the push going
to Y41 (which pushes this particle to the right) increases, and the share of the push going
to Y, (which pushes this particle to the left) decreases.

Theorem 4.2.2. Fix N > 2, the number of particles. Consider two continuous functions

X, X : Ry = RN, with X(0), X(0) € Wy, such that

X(0)<X(0), X(t)—X(s) < X(t)—X(s), 0<s<t.
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Fiz parameters of collision (¢)1<n<n and (GF)1<n<n, such that

Consider systems Y and Y of competing particles with driving functions X and X, and

parameters of collision (¢F)i1<n<ny and (G5)i1<n<n. Then
Y(t) <Y(t), t >0.
4.3 Corollaries

There are many corollaries of these two main results, which are straightforward but inter-
esting. They are used in Chapter 7 (corresponding to [I01]). We shall state and prove them

in this subsection.

Corollary 4.3.1. Tuke a d x d-reflection nonsingular M-matrixz R. Consider two copies of
an SRBMY(R, i, A): Z and Z, starting from Z(0) and Z(0) such that Z(0) = Z(0). Let L

and L be the corresponding vectors of boundary terms. Then

Z(t)

A

Z(t), t>0;

|

L(t) — L(s) = —L(s), 0<s <t

(t

Proof. We can switch from stochastic domination Z(0) < Z(0) to a.s. domination, by
changing the probability space. Assume that B = (B(t),t > 0) is a d-dimensional Brownian
motion, starting at the origin, with drift vector 1 and reflection matrix A. Then Z and Z are
solutions to the Skorohod problem in RZ with driving functions Z(0) + B(t), Z(0) + B(t),
respectively, and reflection matrix R, and L, L are corresponding vectors of boundary terms.

The rest follows from Theorem [4.2.7] O

Corollary 4.3.2. Fiz N > 2, the number of particles. Also, fix parameters of collision

(¢5)1<n<n. Take two continuous functions X, X : R, — RN such that for

W — (XQ —Xl,...,XN _XN—l)/7 W: (X2 —Xl,...,YN —YN_l)/, (43)
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we have:

W(0) <W(0), W(t)—W(s) <W(t)—W(s), 0<s<t.

Let Y, Y be the systems of competing particles with parameters of collision (¢F)i<n<ny and
driving functions X and X, respectively. Let Z, Z be the corresponding gap processes, and

let L, L be the corresponding vectors of collision terms. Then

Z(t) < Z(t), t >0; L(t)— L(s) > L(t) — L(s), 0 < s <t

Proof. The functions Z and Z are solutions to the Skorohod problem in the orthant RY
with reflection matrix R from (3.6) and driving functions W and W, respectively. The

functions L and L are the corresponding vectors of boundary terms for these two Skorohod

problems. Apply Theorem and finish the proof. O]

Corollary 4.3.3. Suppose X : R, — R? is a continuous function with X(0) € S. Fix
a d x d-reflection nonsingular M-matriz R. Take a nonempty subset I C {1,... d} with
|I| = p. Let Z be the solution to the Skorohod problem in S with reflection matrix R and
driving function X, and let L be the corresponding vector of boundary terms. Also, let Z be
the solution to the Skorohod problem in R with reflection matriz [R]; and driving function

[X];, and let L be the corresponding vector of boundary terms. Then

[Z®)]r < Z(t), t = 0; [L()]r — [L(s)]; = L(t) — L(s), 0 < s <t

Remark 6. Corollary has the following intuitive sense: suppose we remove a few com-
ponents of the driving function. Then these (no longer existing) components do not hit zero
and do not contribute (via boundary terms) to the decrease of the remaining components. If
the component j was removed but the component ¢ stayed, then in the equation (4.2) Z;(t)

no longer has the term r;;L;(t) < 0. Thus, Z;(t) becomes larger.
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Proof. Recall that Z(t) = X (t) + RL(t). Forie I,t >0,

Zi(t) = Xi(t) + Y vy Li(t) + > risLi(t).
jel gl
Therefore, [Z]; is the solution of the Skorohod problem in RE with reflection matrix [R];

and driving function

X = Xiier, Xilt)=Xi(t) + Y _ryLi(t), i€l
3
But r;; < 0fori € I, j € I°, because R is a Z-matrix. Moreover, each of the processes

L;, j € I° is nondecreasing. Therefore,

Xi(t) = Xi(s) < Xi(t) — Xi(s), 0<s<t, iel
Apply Theorem and finish the proof. O
The following corollary is a consequence (and a Brownian counterpart) of Corollary |4.3.3]

Corollary 4.3.4. Take a d x d reflection nonsingular M-matriz R, a d X d positive definite

symmetric matriz A, and a drift vector u € R, Fiz a nonempty subset I C {1,...,d}. Let
Z = SRBMd(R7 K, A)7 Z = SRBMII‘([R]D [:u][? [A]I)
such that [Z(0)]; has the same law as Z(0). Then [Z]; < Z.

Proposition 4.3.5. Take two dxd reflection nonsingular M-matrices R, R such that R < R.

Fiz a vector p € R? and a positive definite symmetric d x d-matriz A. Let
7 = SRBM“(R, u, A), Z =SRBM*(R, i1, A), such that Z(0) < Z(0).
Then Z < 7.

Corollary 4.3.6. Let 1 < N < M. Fiz a continuous function X : R, — RM with X(0) €
Wir. Fiz parameters of collision (¢F)1<n<nr- Let Y be the system of M competing particles

with parameters of collision (¢F)1<n<n and driving function X. LetY be the system of N
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competing particles with parameters of collision (¢)1<n<n and driving function [X|y. Let Z,
Z be the corresponding gap processes, and let L, L be the corresponding vectors of boundary

terms. Then

Z(t) < Zip(t), k=1,...,N —1, t > 0; (4.4)
Ly(t) = Li(s) > Li(t) — Ly(s), k=1,...,N =1, 0 < s <t; (4.5)
Vi(t) < Yi(t), k=1,...,N, t>0. (4.6)

Remark 7. Corollary has the following meaning: if we take a system of competing parti-
cles and remove a few particles from the right, then there is “less pressure” on the remaining
left particles which would push them further to the left. Therefore, the gaps become wider;
there are less collisions, so the collision terms become smaller; and the remaining particles

themselves shift to the right.

Proof. For the system Y, we can write the first IV particles as

;

Yi(t) = Xa(t) — ¢ Lag (),

Ya(t) = Xo(t) + @5 L2y (t) — ¢5 Lz (1),

Yin(t) = Xn(t) + anLiv-1.0) (1) — an Lvvn (1)

\

So the vector-valued function (Y3,...,Yy)" = [Y]y can itself be considered as a system of

competing particles, with driving function

X =(X1,Xs,..., Xno1, Xv — ayLiv v (1)

and parameters of collision (¢)i<,<n. Since Ly n11)(0) = 0, and Ly n+1) is nondecreasing,
we have:

X(0)=X(0), X(t)— X(s) < X(t) — X(s), 0<s<t.



60

Therefore, by Theorem [4.2.2) we get: [Y (t)]y < Y(t), which proves (&.6)). The functions W
and W, defined in ({.3)), satisfy

W(0) = W(0), W(t) — W(s) < W(t)—W(s), 0<s<L

Apply Corollary to prove (4.4)) and (4.5). This completes the proof. O

If we remove particles from both the left and the right, then there are less collisions,
so the remaining collision terms decrease and the remaining gaps increase. But we cannot
say anything about the remaining particles themselves (whether they shift to the left or to
the right). Removal of a few particles from the right eliminates some push from the right;
similarly, removal of a few particles from the left eliminates some push from the left. But

we cannot say which of these two effects outweighs the other one.

Corollary 4.3.7. Fizr 1 < Ny < Ny, < M. Fix a continuous function X : R, — RM
with X(0) € Wy, Let'Y be the system of N competing particles with parameters of colli-
sion (g5 )1<n<pr and driving function X. Let Y = (Yp,,...,Y n,) be the system of Ny —
Ny + 1 competing particles with parameters of collision (¢X)n,<n<n, and driving function
(Xnys o X)) Let Z = (Zy,..., Zy-1) and Z = (Zn,, ..., Zn,—1)" be the corresponding
gap processes, and let

L= (Lo, Lov—1n)s L= (Lovyni+1) - Lva—1,82))

/
be the vectors of collision terms. Then
Zi(t) < Zi(t), k=Ny,...,Ny—1, t > 0;

L)) = Loy (8) = Ligpst) — Liggsy(s), k=Ny,...,Na—1, 0< s < t.

The rest of the corollaries deal with competing Brownian particles. The first of these
corollaries is a Brownian counterpart of Corollary [£.3.6] It says that if you remove a few
competing Brownian particles from the right, then the remaining particles shift to the right,
the local times of collisions decrease, and the gaps increase. This corollary was mentioned

in the Introduction, subsection 1.2.
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Corollary 4.3.8. Fix 1 < N < M. Take a system Y of M competing Brownian particles
with parameters (gr)1<k<rr, (0%)1<k<n, (q,f)lngM, starting from y € Whyy. Let By, ..., By
be the corresponding driving Brownian motions. Take another system Y of N competing
Brownian particles with parameters (gi)i<hen, (0)i1<k<n, (¢F)1<ren, starting from [y]n,
with driving Brownian motions By, ...,Byn. Let Z, Z be the corresponding gap processes,

and let L, L be the corresponding vectors of collision local times. Then

Yy (%)

IN

Yit), k=1,...,N, t >0; (4.7)

Zp(t) < Zp(t), k=1,...,N -1, t > 0; (4.8)

L g1y (t) = Loy () = Lig sy (t) = Ligesny(s), k=1,...,N =1, 0<s<t.  (4.9)

The next corollary is a Brownian counterpart of Corollary [4.3.7 It says that if you
remove a few competing Brownian particles from the right and from the left simultaneously,

then the local times of collisions decrease, and the gaps increase.

Corollary 4.3.9. Fix 1 < Ny < Ny < M. Take a system Y of M competing Brown-

ian particles with parameters (gr)i<k<m, (02)1<w<nr, (G)i<k<n, starting from y € Wy.

Let By, ..., By be the corresponding driving Brownian motions. Take another system Y =
(YN, -, Y )" of No — Ny + 1 competing Brownian particles with parameters (gr)n,<k<Na
(02) Ny<hanss (G5 Nu<k<ns, starting from (yn,, ..., yn,)', with driving Brownian motions

Bynyy--sBn,. Let Z = (Zy,....Zu1), Z = (Zn,,..., Zn,) be the corresponding gap

processes, and let L = (L(12), ..., Lov—1,0m))"s L= (L(Ny Nv41)s - - > Lnvg—1,n9))" be the corre-

sponding vectors of collision terms. Then

Zk(t> SZk(t), k:Nh?NQ_]-u t207
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Remark 8. We can also remove a few particles from the left instead of the right. We can
formulate the statement analogous to Corollary [4.3.6] This fits into the framework of Corol-
lary when Ny = M. The inequalities and remain true, and the inequal-
ity changes sign. Similarly, Corollary can be modified when we remove particles
from the left instead of the right. This fits into the framework of Corollary when
Ny = M.Then the inequality changes sign, and the inequalities and stay

true.

Remark 9. Corollaries [4.3.6, [.3.7], .3.8 and [£.3.9] can be generalized for the case of infinite

particle systems, when M = oo. Recall that we introduced infinite systems of competing
particles (and including competing Brownian particles) in Definition Again, here we
do not prove existence of these infinite systems; we state these corollaries, assuming these

systems exist. The proofs are the same as for finite M, with only trivial adjustments.

The following corollary was also mentioned in the Introduction, subsection 1.2.

Corollary 4.3.10. Take two systems, Y and Y, of N competing Brownian particles with
parameters (gr)1<k<n, (OF)1<k<N, (q,f)lSkSN. Suppose these two systems have the same
driving Brownian motions. Let Z, Z be the corresponding gap processes, and let L, L be the
corresponding vectors of collision terms.

(i) If Y(0) < Y(0), then Y (t) <Y (t), t > 0.

(i3) If Z(0) < Z(0), then Z(t) < Z(t), t >0, and L(t) — L(s) > L(t) — L(s), 0 < s < t.

The last two corollaries show how to compare systems of competing Brownian particles in

case of the change in drift coefficients or parameters of collision. The first of these corollaries

tells that if you increase ¢, ..., q}, the whole system will shift to the right.

Corollary 4.3.11. Consider two systems Y andY of N competing Brownian particles with
common drift and diffusion coefficients (gx)1<k<n, (0%)i1<k<n, but different parameters of
collision (qF)1<k<n, (T)1<k<n, such that Gt > ¢F, n=1,...,N. Suppose Y (0) =Y (0) and

the driving Brownian motions are the same for these two systems. Then

Y(t) <Y(t), t >0.
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Proof. Let By, ..., By be the driving Brownian motions for these systems. Then Y and Y
are systems of competing particles with parameters of collision (¢);< <y, (F)1<n<n, and

the same driving function
X(t) = (Y1(0) + git + o1 Bi(t), ..., Yn(0) + gyt + on By (1))
Apply Theorem and finish the proof. O]
The following corollary shows how to use the drift coefficients for comparison.

Corollary 4.3.12. Consider two systems Y and Y of N competing Brownian particles with
common diffusion coefficients (02)i1<r<n and parameters of collision (¢F)i1<p 1en, but with
different drift coefficients (gn)i<n<n, (Gn)1<n<n- Suppose Y (0) = Y (0) and the driving
Brownian motions are the same for these two systems. Let Z and Z be the corresponding
gap processes, and let L and L be the corresponding vectors of collision terms.

(i) If g <Gp, k=1,...,N, then Y(t) <Y(t), t > 0.

(tt) If Grs1 — 9k < Gy — Gis K =1,..., N =1, then

Z(t) < Z(t), t >0; L(t)— L(s) > L(t) — L(s), 0 < s < t.

Proof. Let By, ..., By be the driving Brownian motions for these systems. Then Y and
Y are systems of competing particles with parameters of collision (¢F)1<n<ny and driving
functions

X(t) = (Y1(0) + g1t + 01 By (1), ..., Yn(0) + gnt + on By(1)),
X(t) = (Yi(0) + g1t + o1 By(t), ..., Yn(0) + Gnt + onBy(1))'

(i) We have: X(t) — X(s) < X(t) — X(s), 0 < s < t, and X(0) = X(0). Apply
Theorem and finish the proof.
(ii) This statement immediately follows from Corollary O
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In each of the last few corollaries, if we remove the requirement that the driving Brownian

motions must be the same, then we get stochastic comparison instead of pathwise comparison.

4.4 Proofs of Theorems [4.2.1] and [4.2.2]

4.4.1  QOutline of the proofs

We prove Theorems [4.2.1 and 4.2.2| by approximating the general continuous driving func-

tions by “simple” functions, which are defined as follows.

Definition 21. A continuous function f : [0,7] — R? is called regular if it is piecewise
linear with each piece parallel to one of the coordinate axes; that is, if there exist a partition
0=ty <t; <...<ty =T and numbers ay,...,ay € R, j1,...,j5 € {1,...,d} such that
for k=1,...,N, we have:

f(t) = f(te) + arej, (t —tp_1), thor <t <t

Two regular functions f and f are called coupled if the partition to, ..., ¢ty and the indices

J1,--+,Jn are the same for them.

We make three observations:

(i) Any continuous function X : [0,7] — R? can be uniformly approximated by regular
functions. This is proved in Lemma [£.4.1, Moreover, we show that a pair of continuous
functions X and X which satisfy can be uniformly on [0, T'| approximated by a pair of
coupled regular functions so that within each pair two regular functions also satisfy .
This is proved in Lemma [4.4.2

(ii) All the objects we are considering in this chapter (the solution to the Skorohod
problem in the orthant, boundary terms in the Skorohod problem, the system of competing
particles, the gap process, the vector of collision terms) continuously depend on the corre-
sponding driving functions; see Lemma and Lemma [£.4.4] In fact, that this is true

for the Skorohod problem (both for the solution and for the boundary terms) was already
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shown in [125], [51]; we just restate it here. So we can prove Theorems [4.2.1| and [4.2.2] just

for regular driving functions.

(iii) In Lemmas 4.4.6| and |4.4.7, we show that solutions to the Skorohod problem and

systems of competing particles are “memoryless”: if you take a moment ¢ > 0, then their
behavior after this moment depends only on their current position and future dynamics of
the driving function. This is very similar to Markov property (although the concepts of the
Skorohod problem and competing particles are deterministic, not random). This allows us
to consider driving regular functions (and the solutions) piece by piece.

The goal of these three observations is Lemma [4.4.8] It shows that Theorems [4.2.1
and can be reduced to the case when the driving functions are not just piecewise linear,
but exactly linear, with the directional vector parallel to one of the axes. And since they are

coupled, this axis is the same for both functions. That is, we can consider
X(t) =z + aeit, X(t) =7 + aet, (4.10)
where o, @ € R, 2 = 1,...,d. The condition for these functions is equivalent to
r <7, a<la. (4.11)

But for regular linear driving functions as in , we can actually solve the Skorohod
problem explicitly, and find the solution Z and and the vector of boundary terms L in exact
form. This is done in Lemma [£.4.9) We can do the same for the system Y of competing
particles: Lemma Then we can manually compare the solutions Z and Z of the
Skorohod problem, and the vectors L and L of boundary terms, or (if we are considering
systems of competing particles) Y and Y. This completes the proof of Theorems
and [£.2.2

The rest of this section is organized as follows.

In subsection 4.2, we state and prove the technical results mentioned above: (i) approxi-
mation of continuous driving functions by regular functions; (ii) continuous dependence on

driving functions; (iii) the memoryless property. In subsection 4.3, we explicitly solve the
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Skorohod problem for regular driving functions in Lemmal[4.4.9 and find the solution together
with the boundary terms. In subsection 4.4, we do the same for a system of competing par-

ticles in Lemma [4.4.11] In subsections 4.5 and 4.6, we prove Theorems [4.2.1] and [4.2.2] for

regular linear driving functions. This completes the proof.

4.4.2  Auzillary results

Observation (i): approximation by reqular driving functions.

Lemma 4.4.1. Fiz T > 0 and take a continuous function X : [0,T] — R%. Then there

exists a sequence (X ™), 51 of reqular functions [0, T] — R® which uniformly converges to X

on [0,T7].

Proof. Let

T
1T d

Split the interval [0,7] into d equal subintervals: I; := [t;_1,%;], ¢ = 1,...,d. On the ith

L i=0,....d.

subinterval I;, define the function X as follows:

t—t;- .
XO@) = XU (#,0) + (X, (6) — X, (ti1)) t—le i=1,...,d, a<t<b.
i~ bi—1

Then XM (0) = X(0) and XM(T) = X(T). During the time interval I;, only the ith compo-
nent of the function X is changing; other components stay constant. The ith component

Xi(l) is moving between X;(0) and X;(T"). So
X0 (1) = X:(0)| < 1X(T) = X(0)], ¢ € 0,71,

Therefore,

XD (t) — X(0)[| < | X(T) — X (0)]|, te€]0,T],

and

XD ) — X ()| < | X(T) = X(0)]| + max || X (¢) — X(0)]| < 2 max || X () — X(0)].

0<t<T 0<t<T



67

Let sp := kT/n, k = 0,...,n. Split [0,7] into n equal subintervals J, = [sx_1, sk, k =
1,...,n, and perform the same construction of X for each of these small subintervals in

place of [0, 7]. Then we get a continuous function X ™ such that
X" (sp) = X(s1), k=0,...,n.
For t € Ji, we have:

X - Xl <2 max X () = X (si-0)]l.

Sk—1<t<sg
Therefore,
(n) () — < _ _
Lax [X(E) - X(O)] <2 max  max [ X(KT/n) — X((k—1)T/n). (4.12)

But the function X is uniformly continuous on [0, 7). Therefore, the right-hand side of (4.12)
tends to zero as n — oo. Thus, the sequence of regular functions (X™),~; uniformly

converges to X. O]

We will call the sequence constructed in Lemma the standard approximating se-

quence.
Lemma 4.4.2. Fiz T > 0 and take two continuous functions X, X : [0,T] — R? such that
X0)<X(0); X(t)—X(5)<X(t)—X(s), 0<s<t<T.

Then there exist two sequences (X™),>1, (Y(H))nzl of reqular functions [0,T] — R? such
that:

(i) X — X, X" X uniformly on [0,T] as n — oco;

(ii) for every n > 1, the functions X™ and X" are coupled;

(iii) X (0) < X™(0) and X () — X (s) < X (#) = X"(s) forall0 < s <t < T.

Proof. Construct two standard approximating sequences as in the proof of Lemma4.4.1. Let

us show that

X0 - x0(s) <XV = XW(s), 0<s <t
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Indeed, X and X" are linear on each [(k—1)T/N,kT/N], and

kT (k—1)T —q) (kT - (k=0T
XO =) - xW () <X — |- X — ).
( N) N - N N
The proof is similar for X™ and X" instead of XM and X, ]

Observation (ii): continuous dependence. The first result, about the Skorohod problem

in the orthant, is already known from [51], [127]; see also [125].

Lemma 4.4.3. Fizd > 1, the dimension, and let S = R%. Take a dxd reflection nonsingular
M-matriz R. Consider a continuous function X : Ry — R% with X(0) € S, and let Z be the
solution of the Skorohod problem in S with reflection matrix R and driving function X. Let
L be the vector of boundary terms. The mapping X — (Z, L) is continuous in the topology

of uniform convergence on [0,T), for every T > 0.

A counterpart of the previous theorem is the continuity result about systems of competing

particles.

Lemma 4.4.4. Fizx N > 2. Consider the parameters of collision (qki)lngN. Consider
a continuous function X : R, — RN with X(0) € Wy, and let Y be the system of N
competing particles with driving function X and the given parameters of collision. Let L be
the vector of collision terms. Then the mapping X — (Y, L) is continuous in the topology of

uniform convergence on [0,T], for every T > 0.

Proof. Return to the proof of Lemma [3.4.3, The mapping

(X1, XN) = (Xo— Xy, .., X — Xy
is continuous in this topology. The mapping

(Xo—X1,..., Xn =Xy 1) = (Z1,.. ., Zny)

is continuous, by Lemma just above. The mappings (X1,..., Xn) — a1 X1(t) + ... +

anXy(t) and Y(t) — C7'Y(t) are continuous. The composition of all these continuous
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mappings is the mapping X +— Y, which is also continuous. Similarly, X — L is continuous.

]

These continuity results, together with the approximation results (Lemma and
Corollary 4.4.2)), allow us to substantially narrow the class of driving functions. Let us state

this as a separate lemma.

Lemma 4.4.5. If Theorems |4.2.1| and |4.2.2| are true for coupled reqular driving functions,

then they are true in the general case.

Observation (iii): memoryless property. This allows us to further narrow the scope of

driving functions: to take coupled regular linear driving functions.

Lemma 4.4.6. Fiz d > 1. Take a continuous function X : Ry — R® with X(0) € S = R
and a d x d-reflection nonsingular matriz R. Let Z be the solution of the Skorohod problem

in S with reflection matriz R and driving function X . Let L be the vector of boundary terms.

FizT > 0. Fort >0, let
Xr(t)=X(T+t)— X(T)+ Z(T),

Lr(t) = L(T +t) — L(T), Z¢(t) = Z(T + ).

Then Zr is the solution of the Skorohod problem with reflection matriz R and driving function

Xr, and Lt is the corresponding vector of boundary terms.

Proof. 1t suffices to check the definition: we need to prove that
Zr(t) = Xp(t) + RLy(t), t > 0.
This follows from

Zt+T)=X{t+T)+ RL(t+T) and Z(T)= X(T)+ RL(T).
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Let us state a similar property for systems of competing particles. The proof is similar

to the previous one and is omitted.

Lemma 4.4.7. Fiz N > 2. Assume Y 1is a system of N competing particles with driving
function X : R, — RY and parameters of collision (¢F)1<n<n. Let L be the corresponding

vector of collision terms. Fiz T > 0. Fort >0, let
Xr(t)=X(T+1t)— X(T)+Y(T),

Lp(t)=L(T+t)— L(T), Yr(t) =Y (T +1).
Then the function Yr is a system of N competing particles with driving function Xt and the
parameters of collision, and Lt is the corresponding vector of collision terms.
Remark 10. The memoryless property also holds true for infinite systems of competing par-
ticles from Definition |18 The proof is the same, with obvious adjustments.

The memoryless property allows us to narrow the class of driving functions to regular

linear functions, that is, functions of the type (4.10]).

Lemma 4.4.8. If Theorems|4.2.1| and 4.2.2| are true for coupled regular linear driving func-

tions as in (4.10), satisfying (4.11)), they are true in the general case.

Proof. By Lemma it suffices to show these theorems for coupled regular driving func-
tions. For example, let us prove Theorem for coupled regular driving functions X and
X; Theorem is proved similarly. Let 0 =ty <t < ... <ty =T and 71,...,Jn be the

common parameters for these functions, as in Definition 21} The restrictions
X|[t0at1} ) X|[t0,t1}

are coupled regular linear functions. Assuming we proved Theorem for such driving

functions, we have:
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In particular, we have: Z(t,) < Z(t;). But t — Z(t +t;) is the solution of the Skorohod
problem with reflection matrix R and driving function ¢ — X (t +t;) — X(t1) + Z(t1); a

similar statement is true for ¢ > Z(t +t;). And
L(t+1t1) — L(ty), L(t+t) — L(t1), 0 <t <ty —ty.
are the corresponding vectors boundary terms for these Skorohod problems. The functions
X(t+4t)—X(t) +Z(t) and X(t+t) — X(t) + Z(t) (4.13)

are coupled regular linear driving functions on [0,y — ¢;]. They also satisfy conditions of

Theorem Indeed,
X(t4t) = X(t) + Z(t)|—g = Z(t) € S, X(t+t)— X (1) + Z(t)|,_, = Z(t) € 5,
and for 0 < s <t <ty —t; we have:

(X(t+t) —X(t) +Z(t1)) — (X(s+t1) = X(t1) + Z(t)) = X(t +t1) — X(s+t1)

<SX(t+t)—X(s+t)=Xt+t) — X))+ Z(t) — (X(s+t1) — X(t1) + Z(t1)).

Therefore, applying Theorem for coupled regular linear driving functions (4.13)), we

get:
Zt+t) < Z({t+t), 0<t<ty—t,
Lit+t)—L(s+t) > L(t+t)—L(s+t), 0<s<t<ty—t.
Similarly, moving to the next interval [ts, t3], etc., we can show that for every k =1,... N,

Z(t) < Z(t), t € [th1,ti], (4.14)

Lt +tp_y) = L(s+tp_1) > Lt +t_1) —L(s+tp_1), 0< s <t <t —tp_y.  (4.15)
We can equivalently write (4.14]) as

Z(t) < Z(t), t €0,T],
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and as
L(t) — L(s) > L(t) — L(s), t).1 <s<t<ty, k=1,...,N. (4.16)
Now, let us show that
L(t)— L(s) > L(t) — L(s), 0<s <t <T.
This is done just by summing the inequalities : find k,l =1,..., N such that
1 S s <t <...<t <1< 1pyy.

Then we have:

Sum these inequalities and finish the proof. O

4.4.3  Fxact solutions of the Skorohod problem for regular linear driving functions

Fix the dimension d > 1, and recall that S = R‘i is the positive d-dimensional orthant. Let
X(t)=x+aet, 0<t<T, (4.17)

be a regular linear driving function. Here, z € S, o € R and i = 1,...,d. Take a reflection
nonsingular M-matrix R. In this subsection, we find the explicit solution Z (and the vector
L of boundary terms) for the Skorohod problem in the orthant S with reflection matrix R
and driving function X.

Let us first describe the behavior of this solution informally. The solution Z “wants” to
move along with the driving function X. However, if X gets out of the orthant S, then Z
“is not allowed” out of the orthant; the boundary terms push it back to S.
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Case 1. a > 0. Then X does not get out of S. This is a trivial case: the boundary
terms L; stay zero: L(t) = 0, and the solution Z exactly follows the driving function X:

Z(t) = X(1).

Case 2. a < 0 and z; = 0. Then the driving function X is moving along the axis x;
in the negative direction, starting from the face S; of the boundary 0S. The solution Z of
the Skorohod problem “wants” to move in tandem with X, which means that it “wants” to
cross this face 5;. However, it cannot do this, since it must be in the orthant. Therefore,
it stays at this face. The boundary term L; increases: this term “counters the influence”
of the driving function X, which “wants” to take Z out of the orthant. This increase in L;
also influences other components Z;, j # 4, of Z;, through reflection matrix R (or, more
precisely, through the elements r;; < 0, j # ¢). Therefore, if Z moves on the face S;, this

contributes to decrease of other components Z;, j # . Let
It)={7=1,...,d| Z;(t) = 0}. (4.18)

Suppose j € I(0). Then Z; was originally zero, and it “wants” to decrease because of the
increase in L;,. But Z; cannot decrease further, because Z(t) must stay in the orthant.
Therefore, the boundary term L; starts to increase, to “counter” the influence of L;. This
can be said of all j € I1(0). If, however, j ¢ I(0), then Z;(0) > 0, and so Z; “is allowed” to
decrease, so the boundary term L; stays zero.

Let us summarize this: for j € I(t), the boundary term L; increases, and Z;(t) = 0; for
J ¢ I(t), the boundary term L;(t) = 0, and Z; decreases. This description is accurate until
some new component Z; hits zero; another way to say this is when the set-valued function
I jumps upward. Denote this moment by 7. Then, using the memoryless property from
Lemma [4.4.6] we repeat the same, starting from 71. Let 72 be the next jump moment of the
function I, etc. Between any of these two moments, the function I is constant. There will

be no more than d pf these moments, because the function I increases at every jump, and

i € 1(0), but I(t) C {1,...,d}.

Case 3. x; > 0 and a < 0. Then X moves to the boundary and hits it at some moment
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71 = x1/|a|. The solution Z “wants” to move in tandem with Z. Until 7, however, the
solution Z does not need to be pushed inside the orthant S by boundary terms, so this is
also a trivial case: L(t) =0, Z(t) = X(t). If ; > T, then the time-horizon is earlier than
hitting moment of the boundary, and this completes the description of Z and L. If m, < T,

then we use the memoryless property and start from 7y; we are back in Case 2.

Now, let us formulate the result rigorously.

Lemma 4.4.9. Let R be a d x d reflection nonsingular M-matrix. Let X be given by .
Let Z be the solution to the Skorohod problem in the orthant S with reflection matrix R and
driving function X . Let L be the corresponding vector of boundary terms. Then Z and L are
given by the following formulas.

(i) If « > 0, then Z(t) = X(t) and L(t) =0;

(i) If « < 0, and x; = 0, then:

(a) Z is nondecreasing, L is nondecreasing, the set-valued function I defined in 18
nondecreasing;

(b) there exists a sequence 0 = 19 < 11 < ... < 7x = T of moments such that on each

[1-1,7), I(t) is constant, and
= it{t > 7 | 1) £ ()} AT, (019

We use the convention inf @ = +oo. At each moment 7, | = 1,..., K — 1, the function I
Jumps and increases.

(c) Fort € [m_1,7], letting J := I(1—1), we have:
[Z2(®)]s =0; [Z®)]se = [Z(m-0)]se + |l [Bles (R [ei] s (t = 1), (4.20)

[L(t)]s = [L(Ti—1)]s + |04|[R]}1(t —7-1);  [L(t)] e = [L(T1-1)] ge- (4.21)

(iii) If o« < 0, and z; > 0, then Z is nondecreasing, L is nondecreasing, the set-valued

function I from (4.18)) is nondecreasing, and there exists a sequence 0 = 19 < 11 < ... <
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Tk =T of moments such that on each [1—1,7), 1(t) = I(11—1) =: J is constant, on [0, 7] we

have:

and on 11,7, | = 2,...,k, the functions Z and L are given by the formulas (4.20)
and A.21). The equation (4.19) is still true. As in case (ii), at each moment 7, | =

1,..., K — 1, the function I jumps and increases.

Proof. The case (i) is straightforward. Let us show (ii). Using the memoryless property and
induction by [, we can assume w.l.o.g. that 7, = 0, that is, [ = 0: it suffices to consider only
the first interval [0, 71] of linearity. We have: x; = 0, that is, ¢ € I(0) = J. We can write the
main equation governing Z and L,
Z(t) = X(t) + RL(1),
in the block form:
[Z()]; = [X(O)]s + [RILO]s + [Rlyse[L(t)] e

[Z()]ge = [X ()] se + [Rlyes[L(E)]s + [R]se[L(t)]se

(4.22)

But [X(t)]je = [x + aeit]je = [x]se, because i € J and i ¢ J¢. Also, [X(t)]; = ale]t,

because z; = 0. Now it is straightforward to check that the functions Z(¢) and L(¢) given by
[Z2(®)]s =0, [Z(t)]se = |ol[R]res[R]; "t + [a] e,

[L(t)]se =0, [L(t)]s = |el[R] et
satisfy the system (4.22). Let us now verify that for j = 1,...,d, the boundary term L, can

grow only when Z; = 0. This follows from the fact that
Z;(t)=0, jeJ; Li(t)=0, je J

The next step is to check that L is nondecreasing and Z is nonincreasing on [1p, 71]. Indeed,

by Lemmam [R];' >0, and [e;]; > 0, so

al[R; e, > 0. (4.23)
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Therefore, L is nondecreasing on [0, 71]. Next, R is a reflection nonsingular M-matrix, so
off-diagonal elements of R (in particular, all elements of [R]c;) are nonpositive. From this

and (4.23) it follows that
|aHR]JCJ[R];1[€@']J < 0.

So Z is nonincreasing on [0, 71]. We have the formula
m=1inf{t > 0| I(t) #I(0)} AT,

so 7 is the first moment (no later than the time horizon 7T°) when Z “new” parts of the
boundary, and the function [ increases. If this moment comes later than 7', then we let
71 = T. By definition of 71, we have: 1(0) C I(7y). So the set-valued function I is constant
on [0,71), but increases by a jump at 1.

Part (iii) follows from (ii) and the memoryless property. H

4.4.4  FExact formulas for a system of competing particles with a reqular linear driving func-

tion

Let us now do a similar calculation as in the previous subsection, but for a system of compet-
ing particles instead of a Skorohod problem. First, let us informally describe the dynamics
of these particles. Recall that the driving function is given by .

Without loss of generality, assume « > 0. The case a = 0 is trivial (Y (t) = X(t) =«
and L(t) = 0), and the case a < 0 can be reduced to a > 0 by the following lemma. (The

proof is trivial and is omitted.)

Lemma 4.4.10. Suppose Y = (Y(t),t > 0) is a system of N competing particles with
parameters of collision (¢ )1<k<n and driving function X. Then —Y := (=Y (t),t > 0) is

also a system of N competing particles with parameters of collision (G )1<n<n, where

~ 4 B
qTL _qu’rLJrl’ qTL _QN7n+17 n = 1,...,N7

and driving function —X.
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A system of competing particles involves colliding particles, and “asymmetric collisions”

means that they “have different mass”. We can rewrite the expression
X(t) =z + aeit

in the coordinate form:
Xi(t) =z, +at, X;(t) =1, j#1i.

This means that the ¢th ranked particle “wants” to move to the right with speed «, and all
other particles “want” to stay motionless. But when the particles, say with ranks ¢ and i+ 1,
collide, they move together to the right with a new speed (smaller than «). The collision
term for particles Y; and Y;, starts to increase linearly from zero when they first collide. All
other particles stay motionless. When these two particles hit, say, the ¢+ 4+ 2nd particle Y; o,
then these three particles stick together and move to the right. The collision terms L; ;1)
for all other pairs of adjacent particles Y;,Y;,; stay zero. Indeed, even if Y;(t) = Y;1(¢),
but Y; and Y;;; are not moving, then no collision term is required to keep them in order:
Y;(t) < Yj4i(t). But the collision term Ly 49) starts to increase, and the collision term
L i+1) continues to increase.

In other words, at any time ¢ there is a set
It)={j=1,....,N|Y;(t) =Y(t)} (4.24)

of particles which are moving together with Y; to the right at this moment ¢. Since these

particles satisfy

the set I(t) has the form

Ity ={i,i+1,....k(t)}
for some k(t) =1,..., N. The speed of this movement depends on k(¢). When these moving
particles hit a new particle Y41, then the set I increases by a jump. So we have a sequence

of moments of hits:

O=mo<nn<...<7m7¢c=T.
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At any interval between these moments, I(¢) is constant, the particles Y;, j € I(¢) move to
the right, and all other particles do not move.

Now, let us do the precise calculation.
Lemma 4.4.11. There exists a sequence of moments
O=m<n<...<71g =T

such that on each [1,_1,7), the set-valued function I defined in (4.24]) is constant, but it

Jgumps and increases at each 1, (except maybe Tx =T ). On each [1,_1,7), define

q q; 9y 9 Qg1 - D1
PP ORI 'L =P 2 R 7Y
Qi+1 91942 %1942 - - - Ay,

ki = k(t) fort € [r_1,7). Then we have:
Y;(t) = const, j € I°(t); and Y;(t) =Y;(t) =Yi(n_1) + Gt —71i—1), j € I(t). (4.25)
The moment 7, is defined as
n=inf{t >n_ | I(t) #I(n-1)}AT.
As before, we use the convention inf @ = +oo.

Proof. Similarly to the previous subsection, we can use the memoryless property and induc-
tion by [ to assume that [ = 0. Assume [(0) = {i,..., ko}, so initially the “leading” particle
1 was at the same position as particles with ranks i+1, ..., ky. Note that we care only about
particles with ranks larger than 7, because the particle with rank ¢ is moving to the right.
Even if, say, the particle with rank ¢ — 1 occupied the same position initially as the particle
with rank 7, they will not interact: the particle Y;, together with Y; 4,...,Y},, will move

rightward and “leave” the idle particle i — 1 at its place. So we have: on [0, 7],

L(LQ)(t) —_— ... = L(ifl,i) (t) — L(k07k0+1) (t) —_— ... = L(Nfl,N)(t) - 0,
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and Yi,...,Y; 1, Y 41,..., YN are constant on this time interval. The dynamics of the
particles Y;, ..., Yy, on [0, 7] is described as follows:
Yilt) = Yier(t) = . .. = Yy (1),

Yi(t) = x; + at — q; L (2),

1Y (t) = zip1 + @1 Liiv1)(t) — g Lit1,i2) (1),

\Yko (t) = Tk, + quoL(k‘o—l,ko)(t)'

But z; = x;11 = ... = y,, because Y;(0) = Y;11(0) = ... = Y%,(0) (the initial positions of
particles with ranks i,7+ 1, ..., ko are the same). We can solve this system: multiplying the
third equation in the system above by ¢; /¢/,,, the fourth by ¢; ¢,/ 14; ., etc. and add
these equations. We get the equation . Since Y;(t) is an increasing function, it might
hit Yj,+1(0) = 2,41 before the time horizon T'. (If it does not, there is nothing else to prove.)
Then 7 is this hitting moment. The set-valued function [ is constant on [0,77) but jumps
at 7. Using the memoryless property and induction, we repeat this proof starting from 7
time instead of 0. Since the function I increases at every 7;, and it can take set values which

contain {i} and are contained in {i,..., N}, there will be at most N + 1 induction steps. [

4.4.5  Proof of Theorem[4.2.]

Take driving functions as in (4.10) satisfying (4.11). Let 70 := 0,7,...,7x = T be the
sequence of moments described in Lemma 4.9 and let 7 := 0,71,...,7¢ = T be the
corresponding sequence of moments for the driving function X instead of X. Arrange all

these moments in the increasing order:
Lo §:O<p1 =EATI<p2<...<pum =1T.

Then it suffcies to show the theorem for t < p;. Indeed, suppose that we prove this, then we

can use the memoryless property for Skorohod problems and prove this for p; <t < ps, then
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for po <t < ps, etc. Extending the result from [0, p;] to [0, 7] requires reasoning analogous
to the argument in proof of Lemma .

On [0, p1], we know explicit expressions for Z, Z, L and L from Lemma4.4.9, Let I(t) be
the set-valued function defined in Lemma , and I(t) be the same function for X instead

of X. Consider the following cases.

Case 1. 0 < a <@. Then Z(t) = X(t), Z(t) = X(t), L(t) = L(t) = 0, and the statement

is obvious.

Case 2. a < 0 < @. Then Z is nonincreasing, Z = X is nondecreasing, L(t) = 0, and L

is nondecreasing. The statement follows trivially.

Case 3. a <a <0, and z; > 0. Since x < 7, we have: T; > 0, and the rest is exactly as

in Case 1.

Case 4. o <@ <0, and z; =0, T; > 0. Then I(0) 2 I(0), and on [0, p;) we have:

L(t) = 0, L is nondecreasing, so
L(t)— L(s) > L(t) — L(s), 0 < s <t < py.
Furthermore, Z(t) = X (t) = T; + ae;t. And Z(t) is given by:
Zi(t) =0 < Z;(t), j € 1(0);

Z(t) is nonincreasing, so for j ¢ I(0) we have: Z;(t) = Z;(0) = const. Thus,

N

Z,(t) < Z;(0) < Z,(0) = Z,(0).

Case 5. a < a <0, and x; = T; = 0. This is the most difficult case. We again have:
1(0) C I(0), and on [0, p1] we get:

Case 5.1. j € 1(0), Z;(t) = Z;(t) = 0, so trivially

Zi(t) = Zj(s) < Z;(t) — Z;(s), 0<s<t.



81

Furthermore,

[L®)lz0) = [al[Rlz g [eilzopt, L)1) = ol [Rlyled ot

Applying Lemma to J = I(0), we get that [R];( is a reflection nonsingular M-matrix.
Applying Lemma to [R]r() instead of R and J = I(0), we get:

[R]j_(%)) < HR]I_(%J)]T(O)'

Also, [ei]z0) = [leilr0)]7) = 0, and [@] < |a]. Since R < R, we have: [Rl70) < [E]T(o)- Both

[R]7(0) and [R]7( are reflection nonsingular M-matrices of the same size, so by Lemmam

we have:
—1 H1—1
[R]T(o) > [R]T(o) > 0. (4.26)
In addition, by Lemma [4.6.4] we have:
Bl ledio] > (B, [edio]z (4.27)

Combining (4.26]), (4.27) and the fact that |a@| < |a|, we get: for 0 < s <t < py,

Loy ~ L)) = lol |[Rligyledro] (¢ =) > lal [[Rli | Tledroly ¢ = 9)
> (B[l fedron (¢ = 5) > @[l e (¢ = 5) = L0l ~ o)y

In other words, for j € 1(0),

Case 5.2. j € 1(0)\ 1(0). Then Z;(t) = 0 < Z;(t). Now, L; is always nondecreasing,
and 7j > 0, so fj = 0. Thus,

Case 5.3. j ¢ I(0). Then j ¢ I(0). Let

1900) == {1,...,d} \ 1(0), T°(0):={1,...,d}\1(0).
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The components of Z as Z corresponding to the index set TC(O) have the following dynamics:
[Z ()] re0) = [Z(0)]1e(0) + |atl[R]re(0)1(0) [Rl 0y lei] riont
[7(75)]76(0) = [7(0)]76(0) + |5|[E]Tc(0)7(0) [}_%]f_&)) €] 7(0)t-
Since R and R are reflection nonsingular M-matrices, and R < R, we have:
Ty ST <0, 0 # 7. (4.28)

In particular, this is true for i € I¢(0), j € I1(0), as well as for i € 1°(0), j € 1(0). But
1(0) D 1(0), and so I¢(0) C I°(0). Therefore,

Z(0)]rew0) = (2O +[alt | Rl oo Rrg ledro)]

— (7 ron Rlee — [RI=L [6.]-

= [Z(O)]IC(O) — [t [[_R]IC(O)I(O) [R]j(o) [ez]l(o)] 1e0)
It follows from (4.28) that

0 < [=Rlz0y700) < [=Rl70)7(0)- (4.29)

Also, [E];(g) >0, [ei]7) > 0. By Lemma (4.6.3|

[[_R]TC(O)T(O) [R]T_(B) [ez‘]i(o)} o) (=R 10)7(0) [R]j_(t) [€:]7(0)- (4.30)
By Lemma and inequalities (4.29) and (4.30)),
[_E]IC(O)T(O) [f_?]it) [ei]T(o) < [_R] I¢(0)1(0) [R]%(lo) [ei]T(o) : (4‘31)
Since 1(0) C I(0), applying Lemma [4.6.1], we get:

0 < [Rl76 < IRl

< (R4 < , (4.32)

} 1(0)

Therefore, applying Lemma |4.6.7] again, and using that [e;]7,) = [[e:] 1(0)]7(0), we have:

[~ Bl oo Bl ez < [=Rlieyro) | Rl
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By Lemma [4.6.2] (applied twice)

[— Rl e 0y710) [[R]?&»]I(O) [leil )] 710 < [=Rliey10) Rl ) leil o). (4.34)

Combining (4.31), (4.32), (4.33)) and (4.34)), we get:

< [~ RBlre)10)[Bl )€l r0)-

But we also have: |a| > |[a] > 0. So

0< [[_R]TC(O)T(O) [}_ﬂj—(t) [@z‘]f(o)} 14(0) alt < [—R]reo)10) [R]I_(%)) [ei] 10|t

Finally, we get:

[Z()]10) = [Z(0)]re(0) — |exlt[=Rlre(oy10) [R] 70y [€i] 10y
> [Z(0)]1e(0) + |alt[R]re)10)[Rl 7oy leilr = [Z(8)]re0).
So for j € 1¢(0) we get:
0<Zi(1) < Z,(0), teop)
Finally, since Z;(t) > 0 and Z;(t) > 0 for t € [0, p;), we have: L; = L; = 0 on this interval,

and trivially

Ly(t) = Lj(s) > Li(t) = L(s), 0 < s <t < py.

The proof is complete.

4.4.6  Proof of Theorem[4.2.2).

As in the previous subsection, it suffices to prove the theorem for coupled regular linear
driving functions

X(t) =2+ aeit, X(t) =7+ aet,
which satisfy the conditions of Theorem 4.2.2, This means that + < T, and a < @. Assume
the converse: there exist ¢ € [0,7] and j = 1,..., N such that Y;(t) > Y;(¢). Since Y;(0) <

Yi(0), k=1,...,N, we can let

o:=inf{t>0|3j=1,....,N:Y;(t) >Y,()}.
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In other words,

Yi(mo) < ?k(To), k=1,...,N,

but there exists j = 1,..., N such that for every € > 0 there exists t € (79, 79 + €) such that
Y;(t) > Y,(t). W.lo.g. by memoryless property, assume 75 = 0. Then Y;(0) = Y;(0). Recall
that I(t) :=={k =14,...,N | Yi(t) = Y;(¢)}, and 74 := inf{t > 0| I(t) # I(0)} AT. Define
1(t) and 7, similarly for Y in place of Y. Let € := 7 A 7y.

Case 1. o < 0 < @. Then Y, are nonincreasing (follows from Lemma and
Lemma , Y, are nondecreasing, and the statement is trivial.

Case 2. o <@ < 0. This can be reduced to Case 3 by Lemma [4.4.10]

Case 3. 0 < o < @. If j < i, then particles Y; and Y lie below Y;(0) = Y;(0)
and therefore Y;(t) = Y;(t) = const on [0,]. Now, if j > i. Suppose j ¢ I(0), that is,
Y;(0) > Y;(0). Then, again, the particle Y; is unaffected by Y; moving upward, at least not
until Y; hits Y}, that is, not until 7y A7;. But the particle ?j is nondecreasing, according to
Lemma , so Y;(t) > Y;(t) on [0,¢).

Therefore, we are left with the case j € 1(0). Equivalently, Y;(0) = Y;(0). And Y;(0) =
Y;(0) > Y,(0), so Y;(0) > Y;(0). But by the conditions of the theorem, Y;(0) < Y;(0), so
Y;(0) = Y;(0). Thus,

Yi(0) = Yi(0) = Y;(0) = Y;(0),

and j € I(0) N 1(0). However, I(0 D 1(0), because if k& € 1(0), then k > i and

<l

Y5:(0) < Y1(0) = Y;(0) = Y;(0) < Y,(0),

so Y3(0) = Y;(0), and k € I(0). Let I(0) = {i,...,ko}, and I(0) = {i,...,ko}. From

1(0) C 1(0) it follows that ko < ko. Therefore, for ¢ € [0,] we have:
4

i iy 9 Qi1 - Dy
K(t)EY}(t)zié(OHat[H h oy Gy G ko;],
qi+1 qZ'+1qi+2 qi+1qi+2 e qko

T, Tl T i - -%1] |

JE— Ce E— —
qi+l Qi+1qi+2 qi+1qi+2 ce ko

1+
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But
qz_qu—:a alzgq;7k:17aNaE0§k07
SO
4G | 4G9 G Qit1 - - Grgr 7, @i @i Qi1 - gy
1+ +  F Tt 7 0+ 21"’—+ + SR a— E+'
Qiv1 9iv1942 Qiv19i+2 - - - Ak, Qiv1 9iv19i42 Qit19iv2 - - - Qi

And o < @ and Y;(0) = Y;(0), we have: Y;(t) < Y,(t) for t € [0,¢], which contradicts our

assumption. This completes the proof of Theorem 4.2.2]

4.5 The case of totally asymmetric collisions

So far we considered the case when the collisions between particles are either symmetric (the
local time of collision is split evenly between the particles) or asymmetric but not totally
asymmetric (the local time is split not evenly, but both particles receive a certain share of
the local time). We would like to consider totally asymmetric collisions, when all of the local
time is received by only one particle, and the other particle does not experience any influence
of a collision. In other words, when one particle reflects on the other. Similar systems were
considered in [38]; they are related to random matrices and random surfaces.

Suppose the particles with ranks k£ and k + 1 collide. Then the share of the local time of
collision received by the kth particle is ¢, , and the share received by the £ + 1st particle is
q,jﬂ, where q,jﬂ +q, =1, q,jﬂ, g, > 0. So far we considered the case when these quantities
are strictly positive. Now we allow the possibility that one of them equals zero. Does the
system exist in this case? Consider finite systems of competing functions with asymmetric

collisions.

Theorem 4.5.1. (i) The matriz R is completely-S if and only if there do not exist 1 < k <
[ < N such that ¢f = ¢ = 1.
(ii) In this case, for every continuous driving function there exists a unique system of com-

peting functions with given continuous driving terms and parameters of collisions (q,f)lgkg N-
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Proof. (i) The matrix R is completely-S if and only if the matrix @ = Iy — R =
(¢ij)1<ij<n—1 > 0 has spectral radius strictly less than one. If there do not exist 1 <
k <1< N such that ¢f = ¢ =1, then we can consider Q" as a substochastic matrix with
one of row sums strictly less than one. Similarly to [71, Section 2.1], we conclude that it has
spectral raduis strictly less than one. If there exist 1 < k <1 < N such that ¢ = ¢ =1,
then consider the principal submatrix Q = (qij)k—1<ij<i- 1t is easy to see that each column
sum of @Q is one, so Q'1 = 1, and Qv = v, where v = (v;)1<jen_1, v; = 1if k—1<j <1
and v; = 0 otherwise. So 1 is an eigenvalue of @7, and therefore of (). This implies that R
is not completely-S.

(ii) Let X be the driving function. Let Z be the solution of the Skorohod problem with
driving function (X; — X1,..., Xy — Xn_1)" and reflection matrix R. Then Z is the gap

process for the would-be system Y of competing functions with the given parameters of

collision and driving function X. Now, suppose kg is the minimal £ = 1,..., N — 1 such that
q,jo = 0. If there is no such k then let kg = N. Let ay, as, ..., ax, be defined by (3.10]), and
Qo1 = ... = ay = 0. The rest of the proof goes as in Theorem [3.4.3] O

4.6 Appendix: Technical Lemmata

Lemma 4.6.1. Take a d x d-reflection nonsingular M-matrix R and fix a nonempty subset
J CA{L,...,d}. Then
0<[R];' <[R7']s.

Proof. Since R = I; — @, where ) > 0 is a d X d-matrix with spectral radius strictly less

than one, we can apply the Neumann series:
R'=Li+Q+Q*+... (4.35)
By Lemma {4.6.6] [R]; = I);] — [Q] is also a reflection nonsingular M-matrix, so we have:

[R];' =1+ [Qls+ Q] + ...
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But from (4.35)) we get:

Ry = 1y + Qs + Q% + ..
Let us show that [Q¥]; > [Q]% for k = 1,2,3,.... This can be proved by induction using
Lemma [4.6.2] O

Lemma 4.6.2. Take nonnegative matrices A (mxd) and B (dxn), and let I C {1,...,m},
JCA{l,...,d}, K C{1,...,n} be nonempty subsets. Then

[A]1s[Blskx < [ABik.

Proof. Let A = (a;;) and B = (b;;). Then for i € I and k € K,

(Al [Blox)i, = Y aisir < Y aisj = (AB)i, = ([ABlrx )y, -

jeJ i=1

O

Lemma 4.6.3. Take a d x n-matric A and a vector a € R*. Let I C {1,...,d} be a

nonempty subset. Then [Aalr = [Alrxq,.. nya.
The proof is trivial.

Lemma 4.6.4. Take a d x d-nonnegative matriz A and a nonnegative vector a € R%. Let

J CA{1,...,d} be a nonempty subset. Then [Aa]; > [A]s[a];.
The proof is trivial.

Lemma 4.6.5. Let R < R be two d x d-reflection nonsingular M-matrices. Then R™' >
R'>o0.

Proof. Apply Neumann series again: if
R:]d_Q7 ﬁz[d_év
then Q > Q > 0, and so@k >QF>0,k=1,2,.... Thus,

R'=L,+Q+Q*>1,+0+0Q°+...=R ".
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Lemma 4.6.6. If R is a d x d-reflection nonsingular M-matriz and I C {1,...,d} is a

nonempty subset, then [R]r is also a reflection nonsingular M-matriz.

Proof. Use Lemma from Chapter 2, which corresponds to [103, Lemma 2.1]. A d X d-

matrix R = (r;;) is a reflection nonsingular M-matrix if and only if
Tiizl, Z:L,d, rij SO, Z7éj,

and, in addition, R is completely-S, which means that for every principal submatrix [R]; of
R there exists a vector u > 0 such that [R];u > 0. Now, switch from R to [R];. The same
conditions hold:

riizl,iEI; TijSO,i#j, ’i,jEI,

and, in addition, for every principal submatrix [[R];]; = [R]; of [R];, where J C I, there
exists a vector u > 0 such that [R];u > 0. This means that [R]; is also a reflection nonsingular

M-matrix. O

Lemma 4.6.7. [f A> B >0 and C > D > 0 are matrices such that the matriz products
AC and BD are well defined, then AC > BD > 0.

The proof is trivial.
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Chapter 5
TRIPLE AND SIMULTANEOUS COLLISIONS

In section 5.1, we state main results for systems of competing Brownian particles, both
classical and with asymmetric collisions. In section 5.2, we state the main result for an
SRBM in the orthant, and we prove it in section 5.3. The proof of results from section 5.1

is in section 5.4. Section 5.5 is an Appendix; it contains some technical proofs.
5.1 Results for Competing Brownian Particles: Theorems [5.1.1] and

Now, let us define the two concepts: a triple collision and a simultaneous collision.

Definition 22. A triple collision at time t occurs if there exists a rank k = 2,..., N — 1

such that Yy (t) = Yi(t) = Y1 (2).

A triple collision is sometimes an undesirable phenomenon. For example, existence and
uniqueness of a strong solutions of the SDE ({3.1)) has been proved only up to the first moment
of a triple collision, see [59, Theorem 2]. In this chapter, we give a necessary and sufficient

condition for absence of triple collisions with probability one.

Definition 23. A simultaneous collision at time t occurs if there are ranks k # [ such that

such that Yy (t) = Yei1(t), Yi(t) = Vi (2).

Note that a triple collision is a particular case of a simultaneous collision. Let us state

the main result of this chapter.

Theorem 5.1.1. Consider a system from Definition [12].

(i) Suppose the sequence (02)1<n<n is concave, that is,

op g —or<or—opy, k=2,...,N—1 (5.1)
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Then, with probability one, there are no triple and no simultaneous collisions at any time
t>0.

(i) If the condition fails for a certain k = 2,..., N —1, then with positive probability
there exists a moment t > 0 such that there is a triple collision between particles with ranks

k—1,k, and k+ 1 at time t.

The proof of this result is given in Section 5.4. We can state a remarkable corollary of

this theorem.

Corollary 5.1.2. Take a system from Definition[12]. Suppose a.s. there are no triple colli-
sitons at any moment t > 0. Then a.s. there are no simultaneous collisions at any moment

t > 0.

It is interesting that a system of N = 4 particles can have a.s. no simultaneous collisions
of the form

Yi(t) = Yalt), Ya(t) = Ya(t), (5.2)

and at the same time it can have triple collisions with positive probability. For example, if
you take

op=04=1, and o9 =03 =1—¢ for sufficiently small & > 0,

then there are a.s. no simultaneous collisions of the form ([5.2)), but with positive probability
there is a triple collision of ranked particles Y;, Y5, and Y3, and with positive probability

there is a triple collision of ranked particles Y5, Y3, and Y,;. Another example: if
01 =03=1, and 09 =04 =1+ ¢ for sufficiently small ¢ > 0,

then there are a.s. no simultaneous collisions of the form , and a.s. no triple collisions
of ranked particles Y7, Y5, and Y3, but with positive probability there is a triple collision of
ranked particles Ys, Y3, and Y;. This is shown in Chapter 6 (which corresponds to the paper
[102], Subsection 1.2]).

We can also give a similar necessary and sufficient condition for the case of asymmetric

collisions.
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Theorem 5.1.3. Consider a system of competing Brownian particles with asymmetric col-
lisions from Definition [14].

(i) Suppose the following condition is true:
(Gh1 + G0k > @00 T G0y, k=2,...,N—1. (5.3)

Then, with probability one, there are no triple and no simultaneous collisions at any time
t>0.

(i) If the condition is violated for some k = 2,..., N — 1, then with positive prob-
ability there exists a moment t > 0 such that there is a triple collision between particles with

ranks k — 1, k, and k+ 1 at time t.

Note that Theorem is a particular case of this theorem for ¢F = 1/2, k=1,..., N.
Corollary is also true for systems with asymmetric collisions.

Remark 11. A system of competing Brownian particles has a simultaneous collision at time
t if and only if the gap process hits non-smooth parts of the boundary 05 at time t. This is
our method of proof: we state and prove results for an SRBM, and then we translate them

into the language of systems of competing Brownian particles.

5.2 Results for an SRBM in the Orthant: Theorem [5.2.1]

In this subsection, we state a necessary and sufficient condition for an SRBM a.s. to avoid
non-smooth parts of the boundary. For the rest of this subsection, fix d > 2. Suppose R is
a d x d reflection nonsingular M-matrix. Fix a vector u € R? and a d x d positive definite
symmetric matrix A. Recall the notation S = R% and consider the process Z = (Z(t),t >
0) = SRBM%(R, 1, A), starting from some point x € S.

Let us give a necessary and sufficient condition for an SRBM a.s. not hitting non-smooth

parts of the boundary 05 of the orthant S.

Theorem 5.2.1. (i) Suppose the following condition holds:

TijQj4 + Tji Qi > 2(1@', 1< Z,j < d. (54)
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Then with probability one, there does not exist t > 0 such that Z hits non-smooth parts of
the boundary at time t.

(ii) If the condition 1s violated for some 1 < i < j < d, then with positive probability
there exists t > 0 such that Z;(t) = Z;(t) = 0.

Remark 12. The condition (5.4)) can be written in the matrix form as RD + DRT > 2A,
where D = diag(A) = diag(ai, - . ., aqq) is the diagonal d x d-matrix with the same diagonal
entries as A. The case when we have equality in (5.4)) instead of inequality, is very important:

the condition
RD+ DR" =2A & rya;+rja = 2a;5, 1<i,j<d, (5.5)

is precisely the skew-symmetry condition, see Introduction.

Remark 13. Whether an SRBM?(R, 1, A) a.s. avoids non-smooth parts of the boundary
depends only on the matrices R and A, not on the initial condition Z(0) or the drift vector
. Some general results of this type are shown in subsection 3.2, Lemma [5.3.1, But the
actual probability of hitting non-smooth parts of the boundary, if it is positive, does depend
on u and the initial condition, see Remark [I5]

5.3 Proof of Theorem [5.2.1]

5.3.1 Outline of the proof

We can define a reflected Brownian motion not only in the orthant, but in more general
domains: namely, in convex polyhedra, see [I7]. Similarly to an SRBM in the orthant, this
is a process which behaves as a Brownian motion in the interior of the domain and is reflected
according to a certain vector at each face of the boundary. We can reduce an SRBM in the
orthant with an arbitrary covariance matrix to a reflected Brownian motion in a convex
polyhedron with identity covariance matrix. This construction is carried out in detail in

subsection 3.5, Lemma [5.3.6]
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Let us give a brief preview here. Consider an SRBM Z = (Z(t),¢ > 0) in the orthant R

with covariance matrix A. Consider the process
7 = (Z(),t > 0), Z(t) = A7), (5.6)

which is a reflected Brownian motion in the domain A~'/?R% := {4712z | 2 € R%} with
identity covariance matrix.

For a reflected Brownian motion in a polyhedral domain with identity covariance matrix,
a sufficient condition (the skew-symmetry condition) for a.s. not hitting non-smooth parts
of the boundary is known, see [124, Theorem 1.1]. Note that there are two forms of the
skew-symmetry condition. One is for an SRBM in the orthant with arbitrary covariance
matrix, which is . The other is for a reflected Brownian motion in a convex polyhedron
with identity covariance matrix, which was introduced in [124]; in this chapter, it is going
to be given in . In Lemma we prove that under this linear transformation (5.6)),
these two conditions match. This justifies why they bear the same name. This allows us (in
Lemma [5.3.11]) to prove part (i) of Theorem under the skew-symmetry condition ([5.5]).

Now, we need to show this for a more general condition . We reduce this general case
to the case of the skew-symmetry condition by stochastic comparison (Lemma .
We introduce an SRBM with new reflection matrix R which satisfies the skew-symmetry
condition and such that R > R.

To prove part (i), we first consider the case d = 2. The domain A~'/?R2 is in this case

a two-dimensional wedge, which can be written in polar coordinates
r1 =rcost, xy=rsinb,

as

0§7’<OO, €2§0§£17

where &1, & are angles such that & < & < & + 1. We mentioned that a reflected Brownian
motion in this domain with zero drift vector and identity covariance matrix was studied in

[116], [121], [122], [123]. For this process, hitting non-smooth parts of the boundary means
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hitting the corner of the wedge (the origin). The result [116, Theorem 2.2] gives a necessary
and sufficient condition for a.s. avoiding the corner. Using the linear transformation ,
we can then translate these results for an SRBM in the positive quadrant with general
covariance matrix. This proves (ii) for d = 2.

To prove Theorem for the general d, we again use comparison techniques. We
consider any two components Z;, Z; of the process Z = (Z(t),t > 0) = SRBM*(R, 1, A), and
compare them with a two-dimensional SRBM using comparison techniques from Chapter 4.

Some parts of the calculations in this proof below have been done in certain previous
articles. For example, the linear transformation z — A~'/2z and the way it transforms an
SRBM in the orthant have been studied in the following articles: [52], Section 9, Theorem
23] (general dimension, under the skew-symmetry condition); [71l, Proposition 2] (dimension
d = 2). However, to make the exposition as lucid and self-contained as possible, we decided

to do all calculations from scratch.

Remark 14. In this artlce, we define a reflected Brownian motion in Definition 4] as a semi-
martingale. Similarly, in the article [17] a reflected Brownian motion in a convex polyhedron
is defined in a semimartingale form; we present this in Definition 25 However, in the papers
[116] and [124], a reflected Brownian motion is not given in a semimartingale form. Instead,
it is defined as a solution to a certain submartingale problem: see Definition We use the
semimartingale definition, and in Lemma [5.3.5| we prove that the semimartingale form of a
reflected Brownian motion also satisfies the submartingale definition. This shows that we

can indeed use the results from [I16] and [124].

5.3.2  Girsanov removal of drift and independence of the initial conditions

In this subsection, fix d > 2. Let R be a d x d reflection nonsingular M-matrix. Let A be
a d x d symmetric positive definite matrix, and let u € R%. For every = € S, denote by P,
the probability measure corresponding to the SRBM?(R, i, A) starting from z.

Consider a general edge S; on the boundary 9. For example, Sy; ;3 = S; N .S; for ¢ # j



95

is a piece of the non-smooth parts of the boundary 9S. In this chapter, we are interested in
an SRBMd(R, i, A) hitting or avoiding these edges. But for this subsection, we shall work
with a general edge S; of S.

The main result of this subsection is that the property of an SRBM to a.s. avoid S} is
independent of the starting point x € S and of the drift vector u. The proof is postponed

until the end of this subsection.
Proposition 5.3.1. Let Z = (Z(t) > 0) be an SRBM*(R, u1, A). Let
plr, Ry, A) =P, (I3t >0: Z(t) € Sy).

Fix a dx d reflection nonsingular M-matriz R and a positive definite symmetric d x d matrix

A. Then one of these two statements is true:

o Forallp e R and x € S, we have: p(z, R, i, A) = 0: (the edge Sy is avoided,).

o Forall p € RY and x € S, we have: p(x, R, u, A) > 0: (the edge Sy is hit).

Remark 15. We can reformulate Lemma as follows: whether an SRBMY(R, i, A) hits
the edge S; does not depend on the initial conditions and the drift vector p; it depends only
on the reflection matrix R and the covariance matrix A.

However, suppose SRBM?(R, s, A) hits the edge S;, so the probability p(z, R, i, A) is
positive. What is its exact value? This probability does depend on the drift vector u and
the initial condition x € S. Let us give a one-dimensional example: a reflected Brownian
motion on the positive half-line R, with no drift. With probability one, it hits the origin
(which is the same as hitting the edge Sp13). But a reflected Brownian motion on R, with
positive drift b, starting from z > 0, hits the origin with probability e=2°  see [T, Part 2,
Section 2, formula 2.0.2]. This does depend on the drift b and the initial condition x.

Definition 24. We say that an SRBM%(R, u, A) avoids non-smooth parts of the boundary
0S of the orthant S if it avoids every edge S; with |I| = 2. Otherwise, we say that an
SRBM®(R, 11, A) hits non-smooth parts of the boundary 0S.
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From the discussion just above, we see: the property of hitting non-smooth parts of the
boundary is independent of the initial condition x and of the drift vector pu. It depends
only on R and A. We can also see it from Theorem : the condition involves only
elements of R and A.

5.3.83  Proof of Proposition [5.3.1

We split the proof of Lemma [5.3.1| in two steps. First, we show independence of a starting
point x € S in Lemma then of a drift vector i € R? in Lemma|5.3.3, using the Girsanov

transformation.

Lemma 5.3.2. For fized parameters R, i, A of an SRBM, we have: either p(z, R, u, A) =0
forallz € S, or p(x,R,pu, A) > 0 for all x € S. In other words, either an SRBM*(R, j1, A)
hits the edge S, or it avoids the edge Sy.

Proof. Since the family of the processes Z = (Z(t),t > 0) = SRBM%(R, i, A), starting from

different points x € S, is Feller continuous, the function
f(z) =P, (3t>0:2Z(t) € Sp)

is continuous on S. Let P'(z,C) = P,(Z(t) € C) be the transition function for the
SRBM(R, 1, A). By the Markov property,

P.(3t>1:2(t) € 8)) = /Spl(z,dy)f(y). (5.7)

But
P.3t>1: Z(t)e Sp) <P, (Ft>0: Z(t) € S) = f(z). (5.8)

Combining ((5.7) and (| ., we have:
[ 1P ) < 1000

Suppose for some zy € S we have: f(zg) > 0. Since f is continuous, there exists an open

neighborhood U of zy in S such that f(z) > f(z)/2 > 0 for z € U. But U has positive
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Lebesgue measure, and so P'(z,U) > 0 for z € S. Therefore, f(z) > PY(z,U)f(2)/2 > 0
for all z € S.
We have proved that if f(zy) > 0 for at least one zy € S, then f(z) > 0 for all z € S.

This completes the proof of the lemma. O

Lemma 5.3.3. Fiz a nonempty subset I C {1,...,d}. Then an SRBM*(R, j1, A) avoids S;
if and only if an SRBM%(R,0, A) avoids S;.

Proof. Using Lemma [5.3.2] without loss of generality, fix a starting point z € S, the same
for both processes. Let Z = SRBM?(R, p1, A), starting from z, and let Z = SRBM%(R, 0, A),
starting from z. Let P, P be the distributions of the processes Z, Z on the space C(R,,R%)
of continuous functions R, — R? For every T > 0, let Gy be the o-subalgebra of the
Borel g-algebra of C'(R,,R?), generated by the values of z(s), 0 < s < T for all functions
r € O(R4,RY). By the Girsanov theorem, for every T' > 0, the restrictions P’QT and F| O
are mutually absolutely continuous: they have common events of probability one. Therefore,

the following statements are equivalent:

e With probability 1, there is no ¢ € (0,7 such that Z(t) € Sp;
e With probability 1, there is no t € (0, T] such that Z(t) € S;.

Suppose that with probability 1, there is no ¢t > 0 such that Z;(t) = 0 for each i € I; then
for every T > 0, with probability 1, there is no t € (0, T] such that Z;(t) = 0. Since T > 0 is
arbitrary, we have: with probability 1, there is no ¢ > 0 such that Z;(t) = 0 for each i € I.

The converse statement is proved similarly. O]

5.3.4 An SRBM in a convex polyhedron

Let us give a definition of an SRBM in convex polyhedra from [I7]. Fix the dimension d > 1.
First, let us define the state space, a polyhedral domain P C R¢. Fix m > 1, the number of

edges. Let ny,...,n, € R? be unit vectors, and let by, ..., b,, € R. The domain P is defined
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by
P={zecR|n;-2>b, i=1,...,m}. (5.9)
We assume that the interior of P is nonempty and for each j = 1,...,m we have:
{reRY | ny-x>b;y i=1,....m, i #j}#P. (5.10)

In this case, the edges of P:
Pi={xeP|ni-x=0b}, i=1,...,m,

are (d — 1)-dimensional. Note that the vectors n;, i = 1,...,m, are inward unit normal
vectors to each of the faces Py, ..., P,. Now, let us define an SRBM in the domain P. Fix
the parameters of this SRBM: a vector 1 € R, a d x d positive definite symmetric matrix

A and a d X m-matrix R.

Definition 25. Fix a starting point x € P. Take B = (B(t),t > 0) to be a d-dimensional
Brownian motion with drift vector p and covariance matrix A, starting from z. Take an
adapted continuous P-valued process Z = (Z(t),t > 0) and an adapted continuous R™-
valued process

L= (L(t),t>0), L(t)=(Li(t),...,Ln(t)),

such that:

(i) Z(t) = B(t) + RL(t), t>0;

(ii) for every i = 1,...,m, L;(0) = 0, L; is nondecreasing and can increase only when
Z(t) € P;.

The process Z is called a semimartingale reflected Brownian motion (SRBM) in the

domain P with reflection matriz R, drift vector p and covariance matriz A. This process is

denoted by SRBM*(P, R, ui, A).

Remark 16. A particular case is an SRBM in the orthant S, which was introduced in Section

2: SRBM%(R, 1, A) is the same as SRBM?(S, R, 1, A).
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Let v; be the ith column of R. An SRBM“Z(P7 R, i1, A) behaves as a d-dimensional Brow-
nian motion with drift vector p and covariance matrix A inside P. On each face P;, it is
reflected in the direction of the vector v;.

The paper [I7] contains an existence and uniqueness result for an SRBM in P. We

present this result in a slightly weaker version, which is still sufficient for our purposes. For

any nonempty subset I C {1,...,m}, let P; := N/ P;. A positive linear combination of
vectors ug, ..., u, is any vector ajuy + ... + aquy with aq, ...,y > 0.
Assumption 1. For every nonempty subset I C {1,...,m}, we have:

(i) Pr#@and Py CPrfor I CJC{1,...,m};
(ii) there is a positive linear combination v of vectors v;, i € I, such that v-n; >0, ¢ € I;

(iii) there is a positve linear combination n of vectors n;, i € I, such that n-v; >0, i € I.

The following result in an immediate corollary of [I7, Theorem 1.3].

Proposition 5.3.4. Under Assumption (1|, for every x € P there exists in the weak sense

the process

2@ = (Z¥)(t),t > 0) = SRBM!(P, R, 1, A),

starting from Z®(0) = x, and it is unique in law. This family of processes (Z®),x € P) is

Feller continuous strong Markov.

Remark 17. By Assumption [If(ii) applied to a subset I = {i}, we have: v;-n; > 0. So we can
normalize v; to make v; - n; = 1. This is done by replacing v; by k;v; for k; := (v; - n;)~! and
replacing L; by k; ' L;. Doing this for each i = 1,...,m is called standard normalization. The
new reflection matrix is R = RD, where D = diag((vy - n1)7% ..., (U - 1) 7). IE 05 = ko

is the ith column of R, we can decompose it into the sum
vV =N + ¢, (5.11)

where
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These vectors n; and ¢; are called the normal and tangential components of the reflection
vector T;, respectively. Similar normalization was done for an SRBM in the orthant in [8]
Appendix B].

As mentioned above, in the papers [116], [121], [122], [124], [123], reflected Brownian
motion was defined as a solution to a certain submartingale problem. We are going to show
that if an SRBM is defined in a semimartingale form, as in Definition 25}, then it is also a
solution to this submartingale problem, so we can use the results of the papers mentioned

above.

Definition 26. Take a convex polyhedron P from (5.9) and the parameters R, u, A from
Definition The symbol C?(P) stands for the family of twice continuously differentiable

functions f : P — R with compact support. Define the following operator for functions

feCP):

d
’f of
ZZ z]a Z 8_:131

21]7

A P-valued continuous adapted process Z = (Z (t),t > 0) is called a solution to the sub-
martingale problem associated with (P, R, u, A), starting from x € P, if:

(i) Z(0) =z as,;

(ii) for every function f € C?(P) which satisfies

v; - Vf(x) >0 for x € P;, foreach i=1,...,m,
the following process is an (F;);>o-submartingale:

M= (020, M) = 5(2(0) - [ LF(Z(s))ds.

Lemma 5.3.5. The process SRBMd(P,R, w, A), starting from x € P, is a solution to the

submartingale problem associated with (P, R, u, A), starting from x.

The proof is postponed until the Appendix (Section5.6).
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5.8.5  Connection between an SRBM in the orthant and an SRBM in a convex polyhedron

Using the linear transformation ([5.12)), we can switch from an SRBM?(R, 1, A) in the orthant
with covariance matrix A to an SRBM® in a convex polyhedron with identity covariance

matrix.

Lemma 5.3.6. Consider the process Z = (Z(t),t > 0), which is an SRBM?(R, j1, A). Define

a new process Z = (Z(t),t > 0) as follows:

Z(t) = ATV2Z(1). (5.12)

i) The process Z is an SRBMY(P, R, T, I,) in the convex polyhedron
1
P={A%2 |28} ={zeR?| AY?z >0}, (5.13)

with reflection matriz R = A~Y2R, drift vector i :== A~Y?1 and covariance matriz A = 1.
The domain P is a convex polyhedron as in (5.9) with m = d edges: P; := {A™Y?z | x €
S:}, i=1,...,d. This domain satisfies the condition and the Assumption[l] (i).

(ii) The standard normalization from Remark gives us a new reflection matriz: R:=

RDY? = A=Y2RDY2. The ith column of R is equal to
v; = aill-/QA_lﬂRei, i=1,...,d. (5.14)
The inward unit normal vector to the face P; is given by
ni =a; PAYe;, i=1,...,d. (5.15)

Furthermore, Assumption [l(ii) and (iii) is satisfied.

Proof. (i) We have: Z(t) = B(t) + RL(t), where B = (B(t),t > 0) is the driving Brownian
motion for the process Z, and L = (L(t),t > 0) is the vector of regulating processes.

Here, B is a d-dimensional Brownian motion with drift vector p and covariance matrix A.

Define W = (W (t),t > 0) as W(t) = A~'/2B(t): this is a d-dimensional Brownian motion
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with drift vector i = A~Y?; and identity covariance matrix. Then Z(t) := A~Y2Z(t) =
W (t) + A"Y2RL(t). The state space of Z is the domain P, given in (5.13). This is a
convex polyhedron of the type . Let us show it satisfies the condition and the
Assumption (1| (i). The linear transformation is a bijection R? — R?, hence it suffices
to show that the orthant S satisfies the condition (5.10) and the Assumption [1| (i), which is
straightforward.

(ii) The face P; is spanned by vectors A=%2e;, j € {1,...,d} \ {i}. The vector n; is
normal to P;, so we must have: n; - A*I/zej = 0. Since the matrix A~Y/? is symmetric,
A™Y2n; - e; = 0 for j € {1,...,d} \ {i}. Therefore, A=*/?n; = k;e; for some k; € R; so
n; = k;A%e;. Let us find k; such that n; is inward oriented and has unit length.

The inward orientation means that for any point w in the relative interior of the face
P;, that is, in P; \ (U;.P;), there exists € > 0 such that w + en; € P. But the domain
P is obtained from the orthant S = R% by the linear transformation (5.12)). So we have:
w = A~Y/2z for some z in the relative interior S; \ (U;S;) of the face S; of S. We must

have w + en; € P. But
w+en; = AV (2 + ek;Ae;), and P ={A"Y2z |z e S

Therefore, w +en; € P < z+ ek;Ae; € S. Since z € S5;, we have: z; = 0, and (Ae;); =
a; > 0. But z; + ek;(Ae;); = (z + ek;Ae;); > 0, so we must have: k; > 0. Now, let us find

|k using the fact that ||n| = 1. Since the matrix A2 is symmetric, we have:

HA1/2€1'H _ [A1/2€i ) A1/2ei] 1/2 _ [Al/Z(Al/zei) ) 61'} /2 _ [Ae; - ei]l/Q — %

0

But ||n|| = 1, and n; = k;AY2;. So |kila)/* = 1, and |k;| = a;;"/. Earlier, we proved that
k; > 0. Therefore, k; = a;il/ ? which proves (5.15)). Now, let us show (5.14]). The ith column
of A7Y2R is equal to A~'/?Re;. Using the fact that the matrix A2 is symmetric, we have:

A"Y2Re; -n; = A7V?Re; - a;ilﬂAl/Zei = a;-lﬂAl/QA’l/QRei X

—1)2 12 12
=a; "Re-e=a; "ri=a;" " .
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Therefore, the standard normalization defined in Remark [17]leads to
v; = az-li/QA’I/QRei, i=1,...,d,

which proves (5.14). Now, let us show that the Assumption [I(ii) and (iii) is satisfied. Note

that the matrix A'/? is symmetric, so for every i,j = 1,...,d we have:

aVQa._-l/QA_l/QRei ) AI/er _ a;./Qa]-_jl/QAl/QA_I/QRei e

1 17
1/2

7

Ui'nj:

—1/2 12 12

Fix a nonempty subset I C {1,...,d} with |I| = p. Since the matrix R is completely-
S, the submatrix [R]; is an S-matrix. There exist positive numbers «;, i € I, such that
> jertijag > 0 fori € I. Taken =3, a}]/?ozjnj. This is a positive linear combination
of nj, j € I, and v; - n = ., a;-/zrijozj > ( for ¢« € I. This proves Assumption (iii).
Similarly, the transposed matrix R’ is also completely-S (this follows from Lemma (ii)),

so repeating this argument with R’ in place of R, we can prove Assumption (ii). m

5.8.6 A skew-symmetry condition for a convex polyhedron

Consider a reflected Brownian motion in a general convex polyhedron in general dimension
d > 2. Then a sufficient condition for a.s. not hitting non-smooth parts of the boundary is
given by [124] Theorem 1.1]. Tt is called the skew-symmetry condition. In the subsequent
exposition, we define this condition in , and show that it is equivalent (under the linear
transformation ) to the skew-symmetry condition . This is the reason why these

two conditions have the same name.

Definition 27. Consider an SRBM%(P, R, i1, A) with 2 = 0 and A = I;. Suppose the matrix
R is normalized, as described in Remark[17 We say that the skew-symmetry condition holds
if

ni-q+n;-q=0 1<i j<m. (5.16)
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This justifies the name of this condition: the matrix (n; - ¢;)1<; j<m must be skew-
symmetric.

We say that an SRBM Z = (Z(t),t > 0) hits non-smooth parts of the boundary OP at
time ¢ > 0 if there exist 1 <14 < j < m such that Z(t) € P, N'P;. This is a generalization of
the concept of an SRBM in the orthant hitting non-smooth parts of the boundary. For an
SRBM in a two-dimensional wedge, this is equivalent to hitting the corner of the wedge (the
origin): a process Z = (Z(t),t > 0) with values in this wedge hits the corner at time t > 0
if Z(t) =0.

Proposition 5.3.7. Under Assumption and the skew-symmetry condition (5.16)), an
SRBM*(P, R, i, A),

starting from some point x € P\ OP in the interior of the polyhedral domain P a.s. does

not hit non-smooth parts of the boundary at any time t > 0.
Proof. Follows from Lemma Proposition and [124, Theorem 1.1]. O

The following lemma shows the equivalence of the two forms (5.5)) and (5.16|) of the
skew-symmetry condition under the linear transformation ([5.12)).

Lemma 5.3.8. Consider the process Z = (Z(t),t > 0) = SRBM*(R, 1, A). Let Z be the
process defined by (5.12)). Then the skew-symmetry condition in the form (5.5)) holds for Z
if and only if the skew-symmetry condition in the form (5.16) holds for Z.

Proof. Suppose (j5.5)) is true. Using (5.14)), (5.15) and the fact that v; = n;+q;, i =1,...,m

(in this case m = d), we have:

ni~qj+nj-qi:ni-(vj—nj)—l—nj-(vi—ni):ni-vj—nj-vi—Qni~nj

= ai_il/2A1/2€i : ajl-]/gA*l/QRej + aj_jl/QAl/er . a;/QA*lmRei — QQ;I/QaL1/2A1/2ei . AI/er.
Since the matrix A2 is symmetric, we have:

~1/2 1/2 41— ~1/2 1/2 -
a, 2 AV, . aj]/- AY2Re; = aj / ajj/, (e; - A2 A 1/2Rej)
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= ai1/2a1./.2 (ei . R€j> = alf.l/Q 12,

= Qi Gy; i Qg Tigs
similarly
a;j1/2A1/er : ai-ﬂA’l/QRei = a;jl/zagiﬂrji,
and finally
a;1/2a7-1/2A1/26i A2 = o 2 MR (e- . Al/zAl/Qe-)
) J 11 77 1 7
;1/2%_]'1/2 (e - Ae;) = ai—i1/2a;j1/2aij.
Therefore,
n; - qj+nj-q = a;-l/za;]/-znj + a;jl/za;/zrji — Qa;-l/Qaj_jl/Qaij
= a;lmaj_jlp [Tijajj + rjiaiz- — 20@'] = 0
The converse statement is proved similarly. O

5.83.7 An SRBM in a two-dimensional wedge

A particular case of a polyhedral domain is a two-dimensional wedge (see Fig. 1), considered

in [I16], [I21], [122], [123]:
V= {(rcosf,rsinf) |0 <r < oo, & <0 < &}

Here, & < & < & + w. Its angle is defined as € := & — &. Its boundary 0V consists of two
edges
Vi, :={(rcos&,rsing) |0 <r <oo}, i=12.

The edge V) is called the upper edge, and the edge Vs is called the lower edge. The difference
between them is as follows: the shorter way to rotate V) to get Vs is clockwise rather than
counterclockwise. On each edge V;, there is a reflection vector v;, which forms the angle
0; € (—m/2,7/2) with the inward unit normal vector n;.

These angles are signed: positive angles 6, 05 are measured toward the vertex of V (the

origin). In other words, 6, is the angle between n; and v;, measured clockwise in the direction
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Vi

ny
(%)
w 0,

FIGURE 2. A two-dimensional wedge.
Angles 0, and 6, are counted toward the vertex of the wedge
Here, n; and ny are normal vectors, v; and vy are reflection vectors

Vo

from n; to v;. This means the following: if the shorter way to rotate the direction of n; to
get the direction of v; is clockwise, then 6; > 0; and if it is counterclockwise, then 6; < 0. If
vy and n; have the same direction, then ¢; = 0. Simlarly, 65 is the angle between ny and s,
measured counterclockwise from ny to vs.

We are interested in whether a reflected Brownian motion with zero drift vector and
identity covariance matrix in this wedge hits the corner. A necessary and sufficient condition

is established in [116, Theorem 2.2].

Proposition 5.3.9. Consider an SRBM Z = (Z(t),t > 0) in the wedge V with u = 0 and
A = I, starting from a point x € V \ V.

(i) If 01 + 65 > 0, then a.s. there exists t > 0 such that Z(t) = 0.

(i) If 01 + 605 <0, then a.s. there does not exist t > 0 such that Z(t) = 0.

Proof. Follows from Lemma [5.3.5] Proposition [5.3.4] and Theorem 2.2 from [116]. O

In the case of two dimensions, d = 2, the linear transformation (5.12) leads to an SRBM
in a two-dimensional wedge with identity covariance matrix. In the following lemma, we
explicitly calculate the parameters of this SRBM: the angle £ of this wedge and the two

angles 6, 6 of reflection.
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Lemma 5.3.10. Suppose Z = SRBM?(R,0, A) and Z is the process defined by (5.12). Then
the polyhedral domain P is in fact a wedge V with the angle

ai2
= E—— 1
¢ = arccos [ a11a_22] (5.17)

The process Z is an SRBM in V with zero drift vector, identity covariance matriz and the

angles of reflection
a2 — a11721

6, = arcsin (5.18)

2 b
ain (1173 — 2a12791 + as2)
. Q12 — Q22712
6, = arcsin > . (5.19)
a2g (@277 — 2a12712 + a11)

Proof. First, note that A=Y/2 is a positive definite matrix, so it has a positive determinant.
Therefore, the linear transformation (5.12)) preserves the orientation of the plane R%. The

edges of this wedge are
V= ATV2S = {ATY22 |2 € 5), i=1,2.

In fact, V; is the upper edge, and V; is the lower edge. Indeed, for the original quadrant S =
R?, the edge S; = {z € S | z; = 0} is the upper edge, and the edge S, = {z € S | z2 = 0}
is the lower edge: in other words, the shorter way to rotate S; to get Sy is clockwise rather
than counterclockwise. But under the transformation Sy is mapped to Vi, and S, is
mapped to V,. This linear transformation preserves the orientation. Therefore, the shorter
way to rotate V; to get V; is also clockwise rather than counterclockwise. The edge V; has a
directional vector ¢, = A~'/?e,, while the edge V, has a directional vector ¢; = A~'/2¢;. An
important remark: consider the notation P;, ¢ = 1,...,d, for edges of the polyhedron from
Lemma [5.3.6, Then our current notation V; and Vs is consistent with this notation in the

sense that

Vl = ’Pl and VQ = 7)2. (520)

The angle £ of the wedge is the angle between the edges V; and V,. So £ is the angle between

two vectors ¢; = A"/2e; and ¢, = A~/2e,. Since the matrix A~/? is symmetric, we have:

(Ao A (A7) - e
cos& = -
HA,1/261H’|A71/2€2” [(A_1/2)261 . 61]1/2 [<A—1/2)262 . 62]1/2
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_ Aler e (A
[Ater-ea] P [A e 0] P (A P(AT) 0
But
1 a —a
Al=—— | 7% 2 (5.21)
(1122 — A1 | —q9  ayq
Therefore,
ai12

cosé = —

\/Ctna227
and we get (5.17)). Let us find the reflection angles 6; and 6. For the quadrant S = R?, if

we rotate the directional vector ey of the upper face Sy clockwise by 7/2, we get an inward
normal vector to this face. But the linear transformation (5.12)) preserves the orientation, so
a similar statement is true for the wedge V: if we rotate the directional vector ¢y = A2,

of the upper face V; of the wedge clockwise by 7/2, then we get an inward normal vector
(1)1 ) (02)2
(n1)2 —(e2)

Similarly, if we rotate the vector ¢; = A~'/2¢; by 7/2 counterclockwise, we get an inward

normal vector
(112 ) 1 - (01 )2

Ny = =
(n2)2 (eih
to V;. These are not unit vectors: n; # n;. In fact, ||ny|| = ||co|| and ||ng|| = [|c1||. But ny has
the same direction as n;, and ny has the same direction as ny. In other words, ny = ||nq||ng

and ny = [|ngy||ne.

From Lemma and (5.20)), it follows that v; = A~"/2r; and vy = A~'/?ry. These
vectors are not normalized in the sense of Remark . The angle 6; between n; and v; has
a sign: it is calculated toward the origin, or, in other words, counterclockwise from n; to v;.
But n; and n; have the same direction. Therefore, 6; can be calculated as the signed angle

from n; to v; in the counterclockwise direction:

sin 0, :(nl>1(vl)2 — (m)o(vi) _ —(e2)2(v1)2 — (e2)1(vi)1 _ eun

[[nal[[[on] lealflos ] lealfloa
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A_1/262 . A_1/27"1 A_1/262 . A_1/2T1
= ARG TA ] (A ey - AoV (A Vg A

Since the matrix A~/? is symmetric, the last expression is equal to

-1
A €T

[A_1€2 . 62]1/2 [A_lT’I . T1]1/2 ‘

Using the formula (5.21)) for A~! and the fact that r; = (1,79;)’, we have:

aiz2 — a117921

\/Cln (a1173; — 2a197r91 + G22)'

sin 01 =

Similarly, we can calculate the angle 65:

a1z — Q22712

\/a22 (agar?y, — 2a19r12 + a11) .

Since 6,6, € (—7/2,7/2), we get (5.18)) and (5.19). O

sinf, =

5.83.8 Completion of the proof of Theorem [5.2.1

By Lemma [5.3.2, without loss of generality we can assume an SRBM starts from some point
x € S\ 0S5, and u = 0. First, we prove (i) in the case of the skew-symmetry condition (5.5)),
then move to the general case (5.4). Then we prove (ii) in the case d = 2, and proceed to

the case of the general dimension.

Lemma 5.3.11. Take an SRBM in the orthant S, starting from x € S\ 0S. Suppose it
satisfies the skew-symmetry condition (5.5)). Then the statement of Theorem|5.2.1|(1) is true.

Proof. Apply the linear transformation to Z = (Z(t),t > 0) = SRBM%(R, 0, A). By
Lemma , we get an SRBM Z = (Z(t),t > 0) in the polyhedron S = A~Y/2S, given
by with zero drift and identity covariance matrix. It was shown in Lemma that
the skew-symmetry condition is true. Therefore, by Proposition m the process Z
a.s. does not hit non-smooth parts of the boundary dS at any moment ¢ > 0. Thus, the

process Z a.s. does not hit non-smooth parts of the boundary 9S at any moment ¢t > 0. [
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Lemma 5.3.12. Take an SRBM in the orthant S, starting from x € S\ 0S. Suppose it
satisfies the condition (5.4). Then the statement of Theorem [5.2.1|(i) is true.

Proof. Let us find another reflection nonsingular M-matrix R = (Tij)1<i,j<a such that R > R,

and the skew-symmetry condition (5.5)) is true for an SRBMd(R, 0,A). We need:
Fijag; + T = 2a5, 4,5 =1,....d. (5.22)

Let 7; = 1 for ¢ = j. Then is true for ¢ = j. Let
Tij = 1 2a;; — rjiai], Ti=rn, 1<i<j<d.
ajj

This is well defined, since a;; > 0 (because the matrix A is positive definite). Also, 7;; < 74,
because r;;a;;+71j;a; > 2a;;. Since 7;; < 1;; < 0for i # j, Risa Z-matrix, so condition
holds. Therefore, by [55, Theorem 2.5] (compare conditions 12 and 16), R is a nonsingular
M-matrix. Consider two processes Z = SRBM%(R, i1, A), Z = SRBM%(R, 1, A), starting
from the same initial condition z € S\ dS. Then we have: R and R are d x d reflection
nonsingular M-matrices, and R > R. By Proposition [4.3.5, we have: Z is stochastically
smaller than Z. By [70, Theorem 5], we can claim that a.s. for all ¢ > 0 we have: Z(t) < Z(t)
(possibly after changing the probability space). By Lemma the process Z a.s. does
not hit non-smooth parts of the boundary at any time ¢ > 0. In other words, for every
1<i<j<d, wehave: as. Zi(t)+ Z;(t) > 0 for all t > 0. Therefore, a.s. Z;(t) + Z;(t) > 0
for all t > 0. Thus, with probability one the process Z does not hit non-smooth parts of the
boundary at any time ¢ > 0. O]

Now, let us prove part (ii) of Theorem [5.2.1, We start with the case d = 2, then move to

the general case.

Lemma 5.3.13. Suppose we start an SRBM in two dimensions from a point x € S\ 9S in
the interior of S. Then the statement of Theorem (i) is valid.

Proof. Let Z = (Z(t),t > 0) = SRBM?*(R,0,A). After the linear transformation (5.12)),
we get the process Z = (Z(t),t > 0) from (5.12)), which is an SRBM in a wedge. If we
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show that 6, + 05 > 0, then by Lemma [5.3.9 we have: a.s. there exists ¢ > 0 such that
Z(t) = A7V2Z(t) = 0; therefore, a.s. there exists ¢ > 0 such that Z(t) = 0. But the angles
01, 0 are given in the equations (5.18)) and (5.19). Since 6,0, € (—m/2,7/2), we have:

91 +92 >0 < Sin91 —I—sin92 > 0,

which can be written as

11721 — Q12 i Q22712 — Q12 <0 (5 23)

\/an (a1173; — 2a12721 + ag) \/a22 (asar?y — 2a19r12 + a11)

Then we have:

;o =172 1/2 ;o 1/2 —1/2 . —1/2 —1/2
T2 *= @11 Qg T2, Ty = Qg Gop T21, P = Gpp Aoy (12

We can rewrite the condition ([5.23)) as

Ty — rh —
: 212 p : 1 : 221 P : <
\/(7"12) —2prip +1 \/(T21) —2pry; +1

Or, equivalently, f(r}y — p) + f(rhy — p) < 0, where

x
\/:p2+1—p2'

Note that the matrix A is positive definite, so det A = ayja9 — a3y > 0. Therefore, p* < 1.

flz) =

It is easy to show that the function f is strictly increasing on R. In addition, this function

is odd: f(z)+ f(—xz) = 0. Therefore, f(riy —p) + f(ry; — p) < 0 is equivalent to
(TI12 —p)+ (7"/21 —p) <0 & 7riga9 + 1011 < 2a59.
O

Lemma 5.3.14. The statement (ii) of Theorem is valid in the case of general dimen-
sion, if we start an SRBM from a point x € S\ 0S in the interior of S.

Proof. Let Z = SRBM?(R, 0, A). Assume now that the condition ([5.4) is not true, and for
some 1 < i < j <d we have:

7055 + Ty < 2(1,1']'. (524)
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Consider the following two-dimensional SRBM: Z = SRBM?([R];,0, [A];), where I = {i, j}.
Applying Corollary from Chapter 4 to I := {i,j}, we get: [Z]; < Z. By [70, Theo-
rem 5], we can switch from stochastic comparison to pathwise comparison: after changing
the probability space, we can claim that a.s. for all t+ > 0 we have: [Z(t)]; < Z(t). By
Lemma , with positive probability, there exists t > 0 such that Z;(t) = Z,(t) = 0.

Therefore, with positive probability there exists ¢t > 0 such that Z;(t) = Z;(t) =0 O

5.4 Proof of Theorems [5.1.1] and [5.1.3|

Theorem can be easily deduced from Theorem . First, let us prove part (i) of
Theorem m We need to rewrite the condition for concrete matrices R and A arising
from competing Brownian particles, given by and . Take 7,7 =1,...,N —1 and
consider the condition

Tij Q4 + T Qg Z 2CLZ‘J'. (525)

If : = 7, then is always true, because for such ¢, j we have: r;; = r;; = 1, and a; =
aij = aj; = 07 + o7y If |i — j| > 2, then is also always true, since r;; = rj; = a;; = 0.
Since the left-hand side and the right-hand side of remain the same if we swap ¢ and
j, we need only to check this condition for j =k, 7=k —1, where k =2,... , N —1. We get:

— - _ + _ 2 2 _ 2 2 _ 2
Tij = Qg s Tji = Qs Qjj = O + Ofqqs Qg = Oy + O, Qij = — 0.

Therefore, the condition (5.25)) takes the form
—a; (0% + k1) — @i (o +04) = —207.
This is equivalent to

(2—q, —a7)or = @y ors + 4 ok s (5.26)

Note that ¢, + q,:;l = 1and ¢} +¢,_, = 1. Therefore, we can rewrite (5.26) as in (5.3).
This proves part (i) of Theorem Now, let us prove part (ii) of this theorem. Since the
condition ((5.4)) is automatically valid for ¢ = j and for |i — j| > 2, it can be violated only for
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1t = j — 1. Suppose it does not hold for j =k and ¢+ = kK — 1, where k =2,..., N — 1 is some
index. Then with positive probability, there exists ¢ > 0 such that

Zia(t) = Zy(t) = 0,

which can be written as
Vio1(t) = Ya(t) = Yia(9).

This means that with positive probability, there is a triple collision between particles with
ranks £k — 1, k and k£ + 1. This completes the proof of Theorem [5.1.3]
Theorem [5.1.1] is simply a corollary of Theorem [5.1.3} just plug parameters of collision

gi =1/2,k=1,...,N into the inequality (5.3).

Remark 18. Let us explain the meaning of Corollary informally. Consider the gap
process of a system of competing Brownian particles from Definition This is an SRBM
Z = (Z(t),t > 0) in the orthant with reflection matrix R and covariance matrix A, given
by and . In this case, the condition (5.4)) can be violated only for i = j—1, because
for i = j and |i — j| > 2 it is automatically true.

When Z;(t) = Z;(t) = 0 for 1 <14 < j < d, this corresponds to a simultaneous collision
at time t in this system of competing Brownian particles: Y;(t) = Yi41(t) and Yj(t) =
Y;+1(t). But if, in addition, we know that ¢ = j — 1, then this is a particular case of a
simultaneous collision: namely, a triple collision between particles with ranks j — 1, 7 and
7+ 1. This implies that if the condition does not hold, then with positive probability

there occurs a simultaneous collision of a special kind: a triple collision. This is the reason

why Corollary is true.

5.5 Appendix: Proof of Lemma |5.3.5

Recall that the process Z = (Z(t),t > 0) which is an SRBM%(P, R, 1, A) can be represented
as Z(s) = B(t) + RL(t). Here, B = (B(t),t > 0) is a d-dimensional Brownian motion with

drift vector p and covariance matrix A = (a;j)1<ij<a; R = (ri;) is an m X d-matrix, and
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L =(Ly,...,Ly,)", where each L; is nondecreasing. Therefore, the mutual variation of the
components of Z is calculated as follows: (Z;, Z;); = a;;t, for i,j = 1,...,d. The process
(Bi(s) — pis,s > 0) is a one-dimensional driftless Brownian motion. Since f € C%(P), the

following process is a martingale:

v =3 [ G EBE)
Apply the Tto-Tanaka formula to f(Z(t)):
F(Z0) ~ £(2(0)) - Z [ SLzpazi) +5 Z > 2z 2.
-3 [ o - w+ X [ S zmas
. Z Z o [ ootz + Z [ Sz [i rwms)]

:M(t)+/0 L‘f(Z(s))ds+Z/0 v - VI(Z(s))dL;(s).

The third term in the last sum is nondecreasing. Indeed, for each j = 1,...,m, the process L;
is nondecreasing, and it can increase only when Z(s) € P;. But in this case, v;-V f(Z(s)) > 0.

The rest is trivial.
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Chapter 6
MULTIPLE COLLISIONS

In this chapter, which corresponds to the author’s paper [102], we formulate general

theorems about an SRBM?(R, ., A) avoiding an edge
Spi={2€8|2z=0 forall iel}

of the boundary 05, where I C {1,...,d} is a nonempty subset. We also find sufficient
conditions for avoiding collisions of competing Brownian particles. Examples [1.2.2]
and from the Introduction are corollaries of the general results from this chapter.
The chapter is organized as follows. In Section 6.2, we state a few necessary definitions. In
Section 6.3, we formulate main results for classical systems of competing Brownian particles.
In Section 6.4, we state and prove results for an SRBM, which are used in Section 6.5 to
prove theorems from Section 6.3. In Section 6.6, we prove Theorem for N = 4, which
is isolated from other results and cannot be generalized to N > 5 (but this result is not
weaker than the other results). In Section 6.7, we consider the case of asymmetric collisions.
Although we do not state explicitly results for systems of competing Brownian particles with
asymmetric collisions, they can be derived from the general statements of Section 6.4. In

Section 6.8 (Appendix), we state and prove some technical lemmas.
6.1 Definitions

Definition 28. Consider a classical system of competing Brownian particles from Defini-
tion [12] We say that a collision of order M occurs at time t > 0, if there exists k = 1,..., N
such that
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A collision of order M = 2 is called a triple collision. A collision of order M = N — 1 is

called a total collision.

As mentioned before, a related example of a total collision (for a slightly different SDE)
was considered in the paper [6].

There is another closely related concept. We can have, for example, Y;(t) = Ys(¢) and
Yi(t) = Y5(t) = Ys(t) at the same moment ¢ > 0. This is called a multicollision of a certain

order (this particular one is of order 3).

Definition 29. Consider a classical system of competing Brownian particles from Defini-
tion , and fix a nonempty subset I C {1,..., N—1}. A multicollision with pattern I occurs

at time ¢t > 0 if

Yi(t) = Yipa(t), forall ke l.

We shall sometimes say that there are no multicollisions with pattern I if a.s. there does not

exist ¢ > 0 such that there is a multicollision with pattern I at time ¢.

A multicollision with pattern I has order M = |I|. If I = {k,k+1,...,1 — 2,1 — 1},
then a multicollision with pattern I is, in fact, a multiple collision of particles with ranks
kik+1,...,0—1,1. If I ={1,...,N — 1}, this is a total collision. If I = {k,[}, this is a
simultaneous collision. If I = {k, k + 1}, this is a triple collision.

It is worth providing some references about a diffusion hitting a lower-dimensional man-

ifold: the articles [39], [91], [92], [10], and the book [40].

6.2 Results for Competing Brownian Particles: Theorems|6.2.1,(6.2.3|and|6.2.2

6.2.1 Sufficient conditions for avoiding total collisions

Let us introduce some additional notation. Let M > 2. For

a=(ar,...,ay) eR? and I=1,...,M —1,
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we define
C2AM =), 2AMA1) s, 2AM—1D)(M—1)—4l
ala) = —=—gr—al+ === > ay+ (M — )M 2 o
p=2 p=Il+1
We also denote by o := (ap,...,aq) the vector @ with components put in the reverse
order. Note that ¢y 1(a) = cpr—1 (@), Let
P(a) :=min (¢1(a), c1 (7)), ca(a), ca(@T), ..., cyr—a(@), cpr—o (@), cpr—1(a)) . (6.1)

For example, in cases M = 2 and M = 3 we have the following expressions for P(«):

Plar,az) = ci(ar, a2) = —af — aj, (6.2)
8 4 4 2 2 4 2 2 4
P(ay, g, a3) = min <§a§ — ga% - §a§’ gag §a§ - ga%, gaf + gag - §a§) . (6.3)

Theorem 6.2.1. Consider a classical system of competing Brownian particles from Defini-

tion[12], and denote

o:=(01,...,0n)"

If P(o) > 0 in the notation of (6.1)), then a.s. there is no total collision at any time t > 0.

By modifying the proof of Theorem [6.2.1], one can obtain other conditions for lack of total
collisions. Unlike Theorem [6.2.1, however, this new result works only for N = 4 particles.

This result is due to CAMERON BRUGGEMAN.
Theorem 6.2.2. With N = 4 in the setting of Theorem [6.2.1], if

o} +o05 < os+03, (6.4)
then a.s. there are mo total collisions at any time t > 0.

As we will demonstrate in the following examples, neither set of conditions is strictly

stronger than the other.
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6.2.2 FExamples of avoiding total collisions

In this subsection, we consider systems of N = 3, N = 4 and N = 5 particles. We apply
Theorem to find a sufficient condition for a.s. avoiding total collisions. In particular,

we compare our results for three particles to a necessary and sufficient condition ([5.1)). We

also compare results for N = 4 particles given by Theorem and Theorem [6.2.2]

Example 2. The case of N = 3 particles. In this case, “triple collision” is a synonym for

“total collision”. The quantity P(c) is calcluated in (6.3]), so P(c) > 0 is equivalent to

.
0?2 + 0% < 20%;

207 < 02 + 0%; (6.5)

203 < 03 + 0%,
\

In fact, the first inequality in follows from the second and the third ones. So is
equivalent to
2 2 2.
207 < 05+ 03; (6.6)
203 < 03 + 0%,
This sufficient condition is more restrictive than (5.1)), which for N = 3 particles takes the
form 202 > 0% + 02, so Theorem [6.2.1] gives a weaker result than the result from Chapter 5,

mentioned in Proposition [5.1.1]

Example 3. The case of N = 4 particles. This result was already mentioned in the Intro-
duction as Proposition [I.2.2] The condition P (o) > 0 holds, if and only if all the following

five inequalities hold:
(

907 < Toj + Toj + To3;

30} < 503 + 03 + 0%;

30% + 303 < 503 + 5o3; (6.7)
307 < 0% + 03 + 50o3;

903 < To? 4 To3 + To3.
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As mentioned in Section 6.1, let 0% = 03 = 07 = 1, and 05 = 0.9. Then there are triple

collisions between the particles Y5, Y3 and Y, with positive probability, because the sequence
(02,02, 0%, 0%) is not concave: it does not satisfy the condition (5.1)). But the condition

P(o) > 0 is satisfied, so there are a.s. no total collisions. Note that this example satisfies

the conditions of Theorem but fails to satisfy those of Theorem [6.2.2]

Ezample 4. The case of N = 5 particles. In this case P(o) > 0 is equivalent to the following

seven inequalities:
(

802 < 702 + To2 + To3 + To?;

607 < 903 + 402 + 403 + 402;

40? < 603 + 602 + 02 + 02

207 + 202 < 303 + 303 + 307%; (6.8)
802 < To? + To2 + 703 + To3;

602 < 902 + 402 + 403 + 4o?;

402 < 603 + 602 + 02 + 0.

\

By analogy with the previous example, let 07 = 02 = 02 = 02 = 1, and 02 = 0.9. Then

there are triple collisions among the particles Y5, Y3 and Y, with positive probability, but

a.s. no total collisions.

Example 5. An application of Theorem . Take 07 = 03 = 10 and 05 = 07 = 1. Then
by Theorem there are a.s. no total collisions, but this fails to satisfy the conditions
of Theorem [6.2.1] This, together with Example [3 shows that none of the two results:
Theorem applied to the case of N = 4 particles, and Theorem [6.2.2] is stronger than

the other one.

6.2.3 A sufficient condition for avoiding multicollisions of a given pattern

For every nonempty finite subset I C Z, denote by I := I U {max ] + 1} the augmentation
of I by the integer following its maximal element. For example, if I = {1,2,4,6}, then
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I =1{1,2,4,6,7}. A nonempty finite subset I C Z is called a discrete interval if it has the form
{k,k+1,...,1—1,1} for some k,l € Z, k <. For example, the sets {2},{3,4}, {—2,—1,0}
are discrete intervals, and the set {3,4,6} is not. Two disjoint discrete intervals are called
adjacent if their union is also a discrete interval. For example, discrete intervals {1,2} and
{3,4} are adjacent, while {3,4,5} and {10, 11} are not.

Every nonempty finite subset I C Z can be decomposed into a finite union of disjoint
non-adjacent discrete intervals: for example, I = {1,2,4,8,9,10, 11,13} can be decomposed
as {1,2} U {4} U {8,9,10,11} U {13}. This decomposition is unique. The non-adjacency
is necessary for uniqueness: for example, {1,2} U {4} U {8,9,10} U {11} U {13} is also a

decomposition into a finite union of disjoint discrete intervals, but {8,9,10} and {11} are

adjacent.
For a vector a = (ay, ..., ay) € RM define
M
2(M — 1)
p=1

For every discrete interval I = {k,... I} C {1,...,N}, let P(I) := P (o},...,0,) and
TU):=T (ok,...,00).
Consider a subset I C {1,..., N — 1}. Suppose it has the following decomposition into

the union of non-adjacent discrete disjoint intervals:
I=LULU...UI. (6.10)
Definition 30. We say that I satisfies assumption (A) if

S TI)+PT) =0, i=1,...r (6.11)
j=1
J#i

We say that I satisfies assumption (B) if at least one of the following is true:

e at least two of discrete intervals Iy, ..., I, are singletons;
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e at least one of discrete intervals I, ..., I, consists of two elements {k — 1, k}, and the

sequence (07) has local concavity at k:

1
op, > B} (0io1 +0i11) 3 (6.12)

e there exists a subset

I'=IL,Ul,u...Ul,

which satisfies the assumption (A).

Remark 19. (i) If a subset I C {1,..., N — 1} is a discrete interval, that is, the decomposi-
tion ([6.10)) is trivial, then Assumption (A) is equivalent to P(I) > 0.

(ii) If a subset I C {1,..., N — 1} is a discrete interval of three or more elements, then
Assumption (B) is equivalent to P(I) > 0.

(iii) If a subset I C {1,...,N — 1} contains two elements: I = {k,l}, k < [, then
Assumption (B) is automatically satisfied if k 4+ 1 < [. If k + 1 = [, then Assumption (B) is

equivalent to the local concavity at :

Indeed, as mentioned in Example , the condition P(I) > 0 is more restrictive than local

concavity at [.

Theorem 6.2.3. Consider a system of competing Brownian particles from Definition [12].
Fiz a subset J C {1,...,N — 1}. Suppose every subset I such that J C I C {1,...,N — 1}
satisfies assumption (B). Then there a.s. does not exist t > 0 such that the system has a

multicollision with pattern J at time t.

The following immediate corollary gives a sufficient condition for absence of multicollisions

of a given order (and, in particular, multiple collisions of a given order).
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Corollary 6.2.4. Consider a classical system of competing Brownian particles from Defini-
tion . Fiz an integer M = 3,..., N, and suppose that every subset I C {1,...,N — 1}
with |I| > M satisfies condition (6.11). Then a.s. there does not exist t > 0 such that the

system has a multicollision (and, in particular, a collision) of order M

6.2.4 Examples of avoiding multicollisions

In this subsection, we apply Theorem to systems with a small number of particles:

N =4 and N = 5. We consider different patterns of multicollisions.

Example 6. Let N = 4 (four particles) and J = {1,3}. (This was already mentioned in
the Introduction as Proposition M) A multicollision with pattern J is the same as a

simultaneous collision of the following type:
Yi(t) = Ya(t) and Yi(t) = Yy(t). (6.13)

We need to check Assumption (B) for subsets I = J = {1,3} and I = {1,2,3}. The subset
I = {1,2,3} is a discrete interval. According to Remark , we can apply Example ,
and rewrite Assumption (B) as the system of five inequalities (6.7). For I = {1,3}, the
decomposition (6.10) of I into the union of disjoint non-adjacent discrete intervals has the
following form: I = {1} U{3}. Therefore, Assumption (B) is always satisfied. Therefore, the
system of five inequalities is sufficient not only for avoiding total collisions in a system
of four particles, but also for avoiding multicollisions , with pattern J = {1, 3}.

Ezample 7. Let N = 4 and J = {1,2}. Let us find a sufficient condition for a.s. avoiding
triple collisions of the type Yi(t) = Ya(t) = Y3(¢). (This was already mentioned in the
Introduction, as Proposition [1.2.4]) There are two subsets I such that J C I C {1,2,3}:
I'={1,2} and I = {1,2,3}. These two sets are both discrete intervals. As mentioned in the
Remark , Assumption (B) for I = {1,2,3} is equivalent to P(I) > 0, which, in turn, is
equivalent to (6.7). Assumption (B) for I = {1,2} is equivalent to local concavity at index
2: 203 > 0? + 03. We can write this as the system of six inequalities: local concavity at 2

and the five inequalities (6.7)) from Example
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Ezample 8. Consider N = 5 (five particles) and take the pattern J = {1,2,3}.  This

corresponds to a collision of the following type:
Yi(t) = Ya(t) = Ys(t) = Ya(?). (6.14)

There are two subsets I such that J C T C {1,2,3,4}: I =J={1,2,3} and I = {1,2,3,4}.
These two sets are both discrete intervals. As mentioned in the Remark [19] Assumption (B)
for each of these sets I takes the form P(I) > 0: P({1,2,3,4}) > 0 and P({1,2,3,4,5}) > 0.
We can write them as the system of twelve inequalities: the five inequalities from
Example , and the seven inequalities from Example .

Ezample 9. Consider N = 5 and take the pattern J = {1,2,4}. This corresponds to a
collision

Yi(t) = Ya(t) = Ya(t), and Yi(t) = Ys(t). (6.15)

There are two subsets I such that J C I C{1,2,3,4}: I =J ={1,2,3} and [ ={1,2,3,4}.
The set I = {1,2,3,4} is a discrete interval; by Remark [L9 Assumption (B) for I =
{1,2,3,4} takes the form P({1,2,3,4,5}) > 0. This is equivalent to the conjunction of
the seven inequalities from Example . For I ={1,2,4}, the situation is more compli-
cated. The decomposition of this I into a union of disjoint non-adjacent discrete intervals is

I ={1,2}U{4}. So Assumption (B) holds for this set I in one of the following cases:

if there is local concavity at 2: o3 > (07 + 03) /2;

Assumption (A) holds for {1,2}, which is equivalent to P({1,2,3}) > 0, which, in

turn, is a stronger assumption than local concavity at 2 (see Example [2));

Assumption (A) holds for {4}, which is when P({4,5}) > 0; but this is never true,
see (6:2);

Assumption (A) holds for {1,2} U {4}, which is equivalent to

T({1,2,3}) + P({4,5}) >0, T({4,5})+P({1,2,3}) >0. (6.16)
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But P({4,5}) = P(04,05) = —03 — 02, as in (6.2)), and P({1,2,3}) = P(01,09,03) is given
by (6.3]). Therefore, we have:

T({1,2,3}) + P({4,5}) =

ol

(0 +03+403) —0f —02 >0, (6.17)

which can be written as

40% + 402 + 402 > 302 + 302 (6.18)

The other condition 7 ({4,5}) +P({1,2,3}) > 0 is equivalent to the system of the following
three inequalities:
(

40? + 403 < 803 + 305 + 302;

\ 402 < 202 + 202 + 302 + 302; (6.19)

402 < 207 + 202 + 303 + 302,
\

Therefore, (6.16|) is equivalent to the system of (6.18)) and (6.19)):

)
40% 4+ 403 < 803 + 305 + 302;

40? < 202 + 202 + 303 + 302; (6.20)

402 < 207 + 202 + 307 + 302;

\40% + 403 + 402 > 303 + 302,

Assumption (B) holds for I = {1,2} U {4} if and only if there is local concavity at 2
or hold. Thus, the system of seven inequalities from Example , together with
local concavity at 2 or the four inequalities , is a sufficient condition for avoiding
multicollisions of pattern {1,2,4}.

Remark 20. We can also make use of the condition instead of the five inequalities .
If the condition (6.4) is satisfied, then there are a.s. no simultaneous collisions at
any time ¢t > 0. Similarly, in all of the examples involving N = 4 particles avoiding certain
types of collisions, we can substitute the condition instead of the five inequalities ,
and the statement will still be true. In Example , the two conditions: and the local
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concavity at the index 2, guarantee absence of triple collisions Y;(t) = Y2(t) = Y3(¢). The
same works for Examples [§ and [0

Ezxample 10. Suppose we have three or more particles: N > 3. Consider the case when all
diffusion coefficients are equal to one: o0; = ... = o5 = 1. Then there are no triple and
multiple collisions, as well as no multicollisions of order M > 3. To show this, we do not
even need to use Theorem [6.2.3] Indeed, using Girsanov transformation as in subsection
5.4.3 of this thesis, see also [I03, Subsection 3.2, we can transform the classical system of
competing Brownian particles into N independent Brownian motions with zero drifts and
unit diffusions. Since the Bessel process of dimension two a.s. does not return to the origin,
there are a.s. no triple collisions and multicollisions of order M > 3 for the system of
independent Brownian motions.

Still, we can apply our results to the case of unit diffusion coefficients. Consider total
collisions and apply Theorem [6.2.1] Let oy = ... =0y =1, s0 that o =1 = (1,1,...,1)’;

then it is straightforward to calculate that
alo)=¢(cT)=2N—-6,1=1,...,N —1.
Therefore, we have:
P(o) =min(ci(0), ..., en—2(0), cy—1(0), c1(67), ..., ey—2(67)) =2N — 6 > 0.

Apply Theorem [6.2.1} the system avoids total collisions. How does this result change if we

move the diffusion coefficients o, ..., 0% a little away from 1? In other words, if the vector
o is in a small neighborhood of 1 = (1,...,1) € RY, what can we say about absence of total
collisions?

If N =3, then P(1) = 0. Even in a small neighborhood of 1, we can have either P(o) > 0
or P(c) < 0. So we cannot claim that in a certain neighborhood of 1 we do not have any
total (in this case, triple) collisions. This is consistent with the results of Chapter 5. Indeed,

the inequality (|5.1)) takes the form

1
o2 > 3 (o7 +03) . (6.21)
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This becomes an equality for o = (01, 02,03) = 1. The point 1 lies at the boundary of the
set of points in R? given by . Or, equivalently, in any neighborhood of 1 there are both
points ¢ which satisfy and which do not satisfy .

But for N > 4 (four or more particles), we have: P(1) > 0. Since P(c0) is a continuous
function of o, there exists a neighborhood U of 1 such that for all o € U we have: P(o) > 0,

and the system of competing Brownian particles does not have total collisions.
6.3 Results and Proofs for an SRBM in the Orthant

6.3.1 Statements of results

There are three important theorems. First, we provide a sufficient condition for not hitting
the corner, and another sufficient condition for hitting the corner. Taken together, they do
not give us a necessary and sufficient condition, because there is a gap between them. In
this respect, these results are different from that of Chapter 5, where we gave a necessary
and sufficient condition for avoiding non-smooth parts of the boundary.

A remaining question is about hitting or avoiding a given edge S; of the boundary 95.
We provide another theorem which reduces it to the question of not hitting the corner. This
gives us a sufficient condition for not hitting the given edge of 95.

The last of these three main results is a sufficient condition for hitting a given edge of

0sS.

Definition 31. We say that the matrix R which is a reflection nonsingular M-matrix satis-
fies Assumption (C) if there exists a diagonal d x d-matrix C' = diag(cy,...,¢qs) with ¢; >0

such that R = RC is a symmetric matrix.

We denote R~ = (p;;)1<i j<a, and consider the following constants:

R TAR 'z . 2’R'AR 'z
cy = max ——m ——— c_:= min ———.
T ses\joy /R'z zes\{0} 'Rz

Lemma 6.3.1. These numbers c+ are well defined and strictly positive.
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The (rather straightforward) proof is postponed until the Appendix. The following the-

orem is our main result about an SRBM hitting the corner.

Theorem 6.3.2. Suppose the matriz R satisfies Assumption (C).
(i) If the following condition is true:

tr (R™'A) > 2cy, (6.22)

then the SRBMY(R, i, A) does not hit the corner.

(i) If the following condition is true:
0<tr(R'4) <2c, (6.23)
then the SRBM®(R, 1, A) hits the corner.

Sometimes the numbers cy are difficult to calculate. Let us give useful estimates of ¢,

from above, and of c¢_ from below.

Lemma 6.3.3. Suppose the matriz R satisfies Assumption (C). If, in addition, p;; > 0 for
allt,7=1,...,d, then

_ (RTAR™Y), _ . (RT'AR™),;
cy <¢y = max — =, ¢c_ > C_:= min ———.
1<i<y<d Pij 1<i<j<d Pij

The next theorem establishes a connection between not hitting the corner and not hitting

an edge. It is similar to results from [59], and we took the proof technique from [59].

Theorem 6.3.4. Consider an SRBM*(R, u, A). Fiz a nonempty subset J C {1,...,d}.
Suppose for every I such that J C I C {1,...,d} the process SRBMI/([R];, [ul1, [A];) does
not hit the corner. Then an SRBM®(R, j1, A) does not hit the edge S;.

The last of our main results about SRBM links hitting corners to hitting edges.
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Theorem 6.3.5. Consider an SRBM*(R, u, A) with a reflection nonsingular M-matriz R.
Fiz a nonempty subset I C {1,...,d}. Suppose an SRBMII([R];, [ul1,[A];) hits the corner.
Then an SRBM*(R, u, A) hits the edge S;.

This theorem is proved using stochastic comparison: it trivially follows from Proposi-
tion 3.4
The rest of the section will be devoted to the proofs of Theorems and [6.3.4

6.3.2 Proof of Theorem [6.3.2

First, we present an informal overview of the proof, and then give a complete proof.

Outline of the proof

Let Z = (Z(t),t > 0) be an SRBM*(R, p, A), starting from z € S. By Proposition [5.3.1} we

can assume z € S\ 05, and p = 0. Consider the function
F(z) = 2R 'x. (6.24)

Since the matrix R is a reflection nonsingular M-matrix, by Lemma from Chapter 2,
which corresponds to [103, Lemma 2.1] the matrix R~! has all elements nonnegative: p;; > 0,
with strictly positive elements on the main diagonal: p; > 0, ¢« = 1,...,d. Therefore, if
F(z) = 0 for a certain x € S, then = 0. The process Z hits the corner if and only if the
process F'(Z(-)) hits zero. Let L = (L(t),t > 0) be the vector of regulating processes for Z,
and let B = (B(t),t > 0) be the driving Brownian motion for Z, so that we have:

Z(t) = B(t) + RL(t), t > 0. (6.25)

We see that the process Z has a diffusion term and a regulating process term. The reason for
applying the function F' to this process is that, if we write an equation for F'(Z(+)) using the
[t6-Tanaka formula, the terms corresponding to the regulating processes vanish, and F(Z(-))

is an It6 process.
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It turns out that its drift coefficient is constant and its diffusion coefficient is comparable
with that in the SDE for Bessel squared process. After an appropriate random time-change,
we can make the diffusion coefficient exactly equal to the one for a Bessel squared process.
However, this will not turn our process into a Bessel squared process. Indeed, the drift
coefficient for the new process will not be constant (and for a Bessel squared process, it is
constant). Still, we can bound this drift coefficient by a constant, which allows to compare
the new time-changed process with a Bessel squared process. But we know that a Bessel
squared process hits zero if and only if its index is less than two.

This allows us to find whether the process F'(Z(-)) hits or does not hit zero. This, in

turn, is equivalent to whether the process Z hits the origin.

Complete proof

By Lemma which corresponds to [103, Lemma 2.1] (equivalent characterization of

reflection nonsingular M-matrices), we have:

(R, >0, ij=1....d (R),>0 i=1....4d

Therefore, the matrix R~ = C7'R™' = (pij)i<ij<a has elements p; = ¢;' (R™),;. By
Assumption , the matrix R~! is symmetric. Therefore, its entries satisfy
Pij = Pji >0, 4,5= ]_,,d7 Pii >0, 1= 1,...,d. (626)

Recall the definition of function F' from ([6.24)). From (6.26|) we have: F(x) > 0 for x € S\{0}.

Since the matrix R~! is symmetric, the first and second order derivatives of the function F

are

OF O F
=23 puan e =2y, ij=1,....d.
ox; me dxor, L0

Note that (Z;, Z;); = (B;, Bj)¢ = aijt. By the Ito-Tanaka formula applied to the process Z
from (6.25)) and the function F' from (6.24]), we have:

dF(Z(t)) = gf (Z(t)) ZZ 83:Z 83:] A Zi, Z;), (6.27)

=1 ’L].j].
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d d d d d
Z 2R™'Z(1)),dB;(t) + Y Y (2R Z(1)) randLi(t) + > Y pijaidt
=1 =1 k=1 =1 j:l
(6.28)
d d d d d
=233 puZ;(0)dBi(t) +2Y > piiZi(t)rad Ly (t) + tr (R A)dt.
i=1 j=1 i=1 j=1 k=1
(6.29)
For each j = 1,...,d, the regulating process L; can grow only if Z; = 0: we express this

by writing Z;(t)dL;(t) = 0. Using this, we shall now show that the second term in (6.29) is

actually equal to zero:

d d d d d d
DD puZiOrudLe(t) =D > piZy(rudL(t)
=1 j=1 k=1 ; ; =1 j=1 k=1 ) )
=> > (R'R), Z;(t)dLi(t) = Y > (C7'14) , Z;(t)dL(t)
j=1 k=1 j=1 k=1
d d d
=3 o Zi(t)AL(t) =Y ¢ Z;(t)dL;(t) = 0

Therefore, the process F'(Z(-)) does not have terms corresponding to the regulating processes.
Instead, F'(Z(-)) has only an absolutely continuous term and a local martingale term: this

is an Ito process.

d d
Z(1) =2> Y piZi(t)dB;(t) + tr(R A)dt. (6.30)

i=1 j=1
Recall that By, ..., By are driftless one-dimensional Brownian motions (they are driftless,

because the drift u = 0, according to our assumptions). Therefore, the following process is

a continuous local martingale:

d d

M = (M(1),t > 0), —2ZZ/M i(8):

21310

So we can rewrite ([6.30]) as

F(Z(t)) = F(z) + M(t) + tr (R A)t.
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Let us calculate the quadratic variation of M. It turns out to be comparable with that of
a Bessel squared process. Then we make a time-change to transform F(Z(-)) into a process

which can be compared to a Bessel squared process. Recall that, by definition of the process

B, <Binj>t = aijt. Let
// $)pi;dBi(s), i,5=1,...,d.

For i,5,k,l=1,...,d, we have:
t
(M;j, M)y = / Zi(5)pij Z1(5) praairds.
0

But the quadratic variation of M = Z?Zl Z;l:l M;; is equal to the sum

d d d d
>N My, My), = ZZZ/ $)pij Zi(s) pracirds

1 k=1 I=1 i=1 j=1 k=1 I=1

d d d ¢ ¢
ZZZZ/ Zj(s)pijaikpklZl(s)ds:/O (Z'(s)R"AR'Z(s)) ds.

=1 j=1k =1

d

p”q&
M=

1

<.
Il

i

Let 7 = inf{t > 0| Z(t) = 0} be the first moment when the process Z hits the corner. Since
z=27(0) € S\ 05, we have: 7 > 0 a.s. Let

1/2

q(s) == (Z'(s)R"AR™'Z(s)) s> 0.

Then we can represent M as the stochastic integral

MO =2 [ oW (s),

where W = (W(t),t > 0) is a standard Brownian motion; and for s < 7, we have Z(s) €
S\ {0}, and F(Z(s)) > 0. It follows from the definition of constants ¢, that

1 /2 - L B 1 (Z/(S)RlARlz(S)>l/2 <
2

/
2% S oF12(Z(s) Z'(s)R-1Z(s) '

14
2

Make the following time change:

AR RO
A(t) ._/0 mds, t<T.
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By [99, Lemma 2|, this is a strictly increasing function on [0, 7] with A(0) = 0. Denote
so := A(7). Define the inverse of A by

x(s) :=inf{t > 0| A(t) > s}.
The following process will be compared with Bessel squared process:
Vi(s) = F(Z(x(s))), s€0,s0].

By [99, Lemma 2], the process V = (V(s), s > 0) satisfies the following equation:
V(s)
¢*(x(s))

j
— tr(R! V(5>
= (A G0

Here, W = (W (t),t > 0) is yet another standard Brownian motion. Note that

dV(s) =tr(R'A) ds+v(F(Z(s)))dW (s)

ds + 2VY2(s)dW (s).

5 o 48 Z'(s)R AR ' Z(s) iy
=8 AF(Z(s)) 472/(s)R ' Z(s) =3

So the mapping A : [0,7) — [0, so) is one-to-one, and 7 = oo if and only if sy = oco. Then

we have:
P(3t>0:F(Z(t)=0)=0 if and only if P(3s>0:V(s) =0)=0.

Suppose the condition ((6.22)) holds. We need to prove that the process Z does not hit
the corner. Assume the converse. Then P(7 < 00) > 0, so P(sy < co) > 0. On the event

{so < 0o}, we have: V(sg) = 0. Note that

V(s) 1
P =
and tr(R71A) > 2¢; >0, so
—1 V(s) —1 -1 _.
tr(R A)q2(x(s)) >tr(RA)ey' =1 5 > 2.

Consider the squared Bessel process V = (V(s),s > 0), given by the equation

AV (s) = 2V (s)dW (s) + Bds, V(0) = V(0).
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Since B8 > 2, it is known (see, e.g., [97, Section 11.1, p. 442]) that V a.s. does not hit 0.
By standard comparison theorems, see for example [61, Chapter 6, Theorem 1.1], we have:
V(s) > V(s) as. for s < sg. So if 89 < 0o, then by continuity V(sq) > V(sg) > 0, but

V(sp) = 0. This contradiction completes the proof of (i). The proof of (ii) is similar.

6.3.3  Proof of Theorem 6.3.4

We prove this theorem using induction by d — |I|.
Induction base: d — |I| =0, then I = {1,...,d}, and the statement is trivial.
Induction step: fix ¢ =0, 1,2,... and suppose the statement is true for d — |I| = ¢ — 1; then
prove it for d — |I| = q.

Fore € (0,1),let K. ={z € S |e < ||z]| <& '}. Fix a point z € S\ {0}, so that 2z € K.
for all € > 0 small enough. Start a copy of an SRBMd(R, u, A) from z. Denote this copy by
Z = (Z(t),t >0), and let B = (B(t),t > 0) be its driving Brownian motion. Let

T:=inf{t > 0| Z(t) € S}

be the first moment when the process Z hits the edge S;. We need to show that 7 = oo a.s.
Let

ne:=1inf{t > 0| Z(t) € K.}.

Note that 7. < 1 when ¢’ < ¢, and lim, |y 7. = 0o, because by assumptions of the theorem the
process Z does not hit the corner: Z(t) # 0 for all £ > 0 a.s. So it suffices to show that 7 > .
for all € € (0,1). Fix an ¢ € (0,1). For every x € K., there exists an open neighborhood
U(x) of x with the following property: there exists some index ¢ = i(x) € {1,...,d} such
that for all y € U(z) we have: y;;) > 0. Since K. is compact, we can extract a finite subcover
U(xy),...,U(zs). Without loss of generality, let us include the neighborhood U (x) of 2y = 2

into this subcover. Now, define a sequence of stopping times:

Ty '\ = 07 jo = O7 Th+1 = lnf{t 2 Tk ‘ Z(t) ¢ U (‘I]k)}’



134

and jj41 is defined as any j = 0,...,s such that Z (7441) € U(x;). Suppose that, at some

point, we cannot find such j; in other words,
Z(Tis1) & U (5,) VU () U...UU (zy,) .-

Then the sequence of stopping times terminates, and we denote K := k + 1. In this case,
we have defined 79, jo, 71, J1,-- -, Tik—1, JKk—1, Tk~ 1f the sequence does not terminate, we let
K = o0. So we have:

Z; (t) >0 for t € [m, 1), k< K.

The sequence (7;) can be either finite or countable. Recall that U(z;), j = 0,...,s is a
cover of K.. Therefore, sup, 7, > 7.. It suffices to show that 7 > 7,. We prove this using
induction by k.

Base: k= 1. If jo € I, then Z; (t) > 0 for t < 7y, and so Z(t) ¢ S;. In this case, 7 > 7
is straightforward. Now, if jo ¢ I, then consider the set J := {1,...,d} \ {jo}. We have the

following representation:
([ZAEAT)g, t>0)=(Z(tAT), t >0),

where Z = (Z(t),t > 0) is an SRBM**([R];, [1]s, [A];), starting from [2];, with the driving
Brownian motion [B]; = ([B(t)];,t > 0). This process Z is well defined, since the matrix
[R]; is a reflection nonsingular M-matrix, and by Proposition there exists a strong
version of Z. So by the induction hypothesis, a.s. there does not exist ¢+ > 0 such that
Z(t) € Sy, because d — 1 — |I| = ¢ — 1. For every y € S, we have: y € S; if and only if
ly]; € Sr. Therefore, for all ¢ < 7, we have: Z(t) ¢ S;. This proves that 7 > 7.

Induction step: suppose t > 7, and k < K, that is, the sequence does not terminate at
this step. Then we need to prove 7 > 7441. Consider the process (Z(t 4+ 7),t > 0). This is
a version of an SRBM®(R, i, A), started from Z(7;,). But

Z(Tk) € U(ZE]‘O) UU(Ijl) Uu...uU U(I]b)

There exists j = 0,...,s such that Z(7;) € U(z;). In addition, Z(7,) € S\ {0}, because
by induction hypothesis, the process Z never hits the corner. Apply the reasoning from the
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induction base to this process instead of the original SRBM. The moment 74,1 — 7% plays
the role of 7 above, and the moment 7 — 7 plays the role of 7. So 7 — 7 > 7,11 — 7%, and

T > Tr41. This completes the proof.

6.3.4 Corollaries of the main results for an SRBM

The following corollary of Theorem gives a sufficient condition for not hitting edges of

a given order.

Corollary 6.3.6. Consider an SRBM*(R, pu, A). Fizp = 2,...,d — 1. Suppose for every
I C{1,...,d} such that |I| > p the process SRBM([R], [ul1, [Al;) does not hit the corner.
Then an SRBM®(R, i1, A) does not hit edges of order p.

The next corollary combines the results of Theorem [6.3.2] Theorem [6.3.4] and Theo-
rem [6.3.5 Its proof is trivial and is omitted.

Corollary 6.3.7. Take an SRBMd(R, w, A). Suppose the matriz R satisfies Assumption .

(i) Fix a nonempty subset J C {1,...,d}. Suppose that for every subset I such that
JCIC{1,...,d} we have:

tr ([R]7'[A]r) > ig\lﬁf{o} - ]QI;[E_%]I

(6.31)

Then the SRBM*(R, u, A) avoids S;.
(ii) Fizp=1,...,d — 1. Suppose for every subset I C {1,...,d} with |I| > p we have:
o' [R]7 ARl =

tr ([R]7YA];) > 2 max —
R T

—

Then the SRBM®(R, 1, A) avoids edges of order p.
(7ii) Suppose there exists a subset I C {1,...,d} such that

tr ([R];'[A];) < 2 min L
(IR 1AL) werlhgoy 2[R

Then the SRBM*(R, u, A) hits S;.
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6.4 Proofs of Theorems [6.2.1] and [6.2.3]

6.4.1 Outline of the proofs

Consider a system of competing Brownian particles from Definition [I2] In Lemma [6.4.1], we
note that a multicollision with pattern I is equivalent to an SRBM”" (R, u, A) hitting the

edge Sy of the N — 1-dimensional orthant ]Rf ~! Here, the parameters R, j, A are given

by (3.16]), (3.9) and (3.8)) below. We apply Theorem and Theorem to this SRBM
to prove Theorems [6.2.1] and [6.2.3] respectively. We use the estimate in Lemma for

¢y, since the right-hand side of (6.22)) seems hard to compute for matrices R and A given

by (B-10) and (B5).
Since the matrix R from ([3.16)) is itself symmetric, we can take C' = Iy_; and R = R.

-1

The inverse matrix B! = R = (pi;)1<ij<n—1 has the form

b — 2N = j)/N, 1 < j; 6.3
2j(N =4)/N, i >
This result can be found in [13] or [56] (the latter article deals with a slightly different matrix,
from which one can easily find the inverse of the given matrix R).
After a (rather tedious) computation, we rewrite the condition from Theorem [6.3.2]
as P(o) > 0, where P(0) is defined in (6.1)). This proves Theorem [6.2.1]
Proving Theorem [6.2.3] is a bit harder. Apply Theorem [6.3.4] and fix a subset I C

{1,..., N — 1} such that J C I. We need to find a sufficient condition for an
SRBM'”([R]D [w]r. [Alr)
to a.s. avoid the corner of the orthant R'ﬂ. We decompose the set I as in :
I=LULU...I,

into a union of disjoint non-adjacent discrete intervals. In Lemma we prove that if [

satisfies Assumption (B), then the SRBM!([R];, [1]1, [A];) indeed avoids the corner. This
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completes the proof of Theorem [6.2.3] But to prove Lemma [6.4.7] we need to consider
different variants of decomposition (6.10). For example, if I; = {1} and I, = {3}, then this

guarantees that an SRBMI([R];, [1]7, [A];) avoids the corner. Various cases are considered

in Lemmas [6.4.8] and [6.4.10], which constitute the crux of the proof.

6.4.2 Collisions of particles and the gap process

The following lemma translates statements about multiple collisions and multicollisions of
competing Brownian particles to the language of an SRBM. The proof is trivial and is

therefore omitted.

Lemma 6.4.1. Consider a classical system of N competing Brownian particles. Then there
1s a multicollision with pattern I at time t if and only if the gap process hits the edge St at
time t. For example, there is a total collision at time t if and only if the gap process hits the

corner at time t.

For example, Y)(t) = Y5(t) and Y3(¢) = Y4(t) = Y5(¢) is a multicollision of order 3, with
pattern {1, 3,4}, which is equivalent of the gap process hitting the edge {z; = z3 = z4 = 0}.
Similarly, Y3(t) = Yi(t) = Y5(¢) = Ys(¢) is a collision of order 3 (which is also a particular
case of a multicollision of order 3, with pattern {3,4,5}), and it is equivalent to the gap

process hitting the edge {z3 = z4 = z5 = 0}.

6.4.3 Avoiding a multicollision depends only on diffusion coefficients

The following lemma tells us that the property of a system of competing Brownian particles
to avoid multicollisions with a given pattern is independent of the initial conditions x and
the drift coefficients gy, ..., gny. In other words, it can possibly depend only on the diffusion

coefficients 0%, ..., 0%.

Lemma 6.4.2. Tuoke a classical system of competing Brownian particles from Definition (12|

Fiz I C{1,...,N — 1}, a pattern. Let x € RN be the initial conditions, and let P, be the
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corresponding probability measure. Denote by

p(gng: --+3y 9N, 01, 02, ... ON, x) (633)

the probability that there exists a moment t > 0 such that the system, starting from x, will

experience a multicollision with pattern I at this moment. For fived o1,...,0n > 0, either
(g1, 92, -, gn, 01, 0oy ... on, ) =0 forall # €RY, (gp)i1<pen € RY,

or
(g1, 925 -, gN, O1, T2, .. On, 1) >0 for all © € RN, (gr)i<k<n € RY.

However, in the second case (when the probability is positive) the exact value
of this probability depends on the initial conditions x and the drift coefficients g1,..., gn.
This follows from Remark from Chapter 5, which corresponds to [103, Subsection 3.2,
Remark 5] and connection between competing Brownian particles and an SRBM, discussed

just above.

Proof. Follows from Lemma ([103, Lemma 3.1]), and the reduction of multicollisions
to hitting edges of the orthant which was done right above. O]

6.4.4 Some preliminary calculations

As mentioned before, the matrix R in (3.16)) is itself symmetric, so we take C' = Iy_1, and

R = R. Without loss of generality, let
pij=0, i=0, N, 7=0,...,Norj=0, N, i=0,...,N.

This is consistent with the notation . Note that p;; > 0 for 4,7 = 1,...,N — 1:
all elements of the matrix R~! are positive. Therefore, we can apply an estimate from
Lemma [6.3.3}

PRTAR (RT'ART),,

Cy = max —————— < max
zeRN-1\{0} 2'R-'z 1<k<I<SN—-1 Pkl
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Lemma 6.4.3. For the matriz R given by (3.16|) and the matriz A given by (3.8), we have
in the notation of .'

tr(R™'A) =T (o). (6.34)
Proof. Straightforward calculation gives
—1N-1 N—-1 . :
2i(N — 1)
Z Z PijQij = Z J + 012+1)(T
i=1 j=1 =1
N-1 . .
20— 1)(N —1) 2(N-—1) 2(N —-1)
+2 2 (—0?) N =—x o7 + N oN
1
2k(N — k)  2(k—1)(N—-k+1) 2(k — 1)(N — k)
-2
* £ 2“’“( N N N

N

2(N —1) 9
=Ty Lis

O

The following lemma helps us simplify the matrix R~*AR™!, where A is given by (3.5),
and R~! is given by (6.32).

Lemma 6.4.4. Consider the matriz A as in (3.8)), and take a symmetric (N —1) x (N —1)-

matriz Q = (q;;). Augment it by two additional rows and two additional columns, one from

each side, and fill them with zeros:
¢j =0 for t=0,N, 7=0,...,N, and for j=0, N, i=0,...,N.

Then for k,l=1,...,N — 1 we have:

N
QAQ Z Gpk — 4p—1 lc Qpl - prl,l) 0';-
p=1

Proof. The matrix A is tridiagonal:

(

_ 2 2 .
ai; =0; +05, 1=1,...,N —1;

— _ 2 A .
Qg1 = Qg1 = =0, 1 =1,...,N = 2;

az‘j:O, Z.ajzla"wN_l? |Z_j|22



140

Using the symmetry of (), we have:

—1N-1 N—-1 N-1 N-1
_ 2 2 2 2
(QAQ)u = E > " aquiiai; = > (07 + 0041) okl = D Oalpklp—10 — D Otlp—140p1
i=1 j=1 p—l p=2 p=2

N N
= Z kaQpl + Z Upr 1,kqp—1,1 — Z kaQp—l,l - Z UiQp—l,kal
p=1 ES p=1

N
Z ka - Qp 1 k Qpl - qpfl,l) Up
p=1

]

Lemma enables us to write the formula for (R"*AR™");;, where A is given by (3.8)),
and R is given by (3.16)).

Lemma 6.4.5. Suppose the matriz R is given by (3.16)), and the matriz A is given by (3.8]).
Then for 1 <k <[l < N —1 we have:

k l N

N — —1) —1 4kl
(R_lAR_l)kz o Zazz —) Z 01% + N2 Z 0121' (6.35)
p=1

p:k+1 p:l+1

Proof. Apply Lemma to @ = R, given by (6.32)), so that ¢;; = p;;. For p < k, we
get: For p < k we have:

2p(N—k) 2p—1)(N—-k) 2(N—Fk)

Ppk — Pp—1,k = N - N = N )
_2p(N-0) 20DV -1 2N -1
ppl - pp*Ll - N - N - N

For k < p <, we have:
2E(N —p)  2kE(N —p+1) 2k
Ppk — Pp—1k = N - N TN
2p(N—1) 2—DIN—-0) 2N
Ppl — Pp—11 = N - N = N
For p > [, we have:

WN—K) 2p—1)(N—k) 2N—k)
Pk — Pp—1k = N - N N ’
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Pl = Pp—11 = N N N
The rest of the proof is trivial. m

6.4.5 Proof of Theorem [6.2.1

Use Theorem and Corollary for matrices R and A, given by (3.16) and (3.8])

respectively. We have the following sufficient condition for avoiding total collisions:

-1 —1
tr(R7'A) —2  max BEZAR D (6.36)

1<k<I<N-1 Pkl

For 1 <k <I< N —1, denote

R'AR™!
k(o) = tr(R7'A) — 2M.
Pkl
Then we have:
—IA —1
tr(R7'A) —2  max (BAR Ju =  min ¢gy(o). (6.37)
kd=1,...N—1 Dil 1<k<I<N-1

Lemma 6.4.6. Using definitions of ¢;(0) and o from subsection 1.2, we have:
(i) For 2 <k <1< N —2, we have: ¢y (c) > 0.
(i) For 1 =k <1< N —1, we have: ¢y (c) = ¢(0).

(i1i) For 1 <k <l= N —1, we have: ¢y (c) = cn_i (c°).
Assuming that Lemma is proved, let us finish the proof of Theorem Let

d(o) ==  min  ¢g,(0). (6.38)

2<k<I<N—2
If N <4, let §(o) := 0. By Lemma (i), we always have: §(¢) > 0. Recall the definition
of P(o) from (6.1) and use Lemma [6.4.6] (ii), (ii):

min (¢;1(0), c12(0), ..., can-1(0), can-1(0), ..., cn—1.n-1(0)) = P(0). (6.39)
Comparing (6.37), (6.38) and (6.39)), we have:
(RilARfl)kl

min tr(R_lA) -2

1<k<I<KN-1 Pkl

= min(P(0),d(0)). (6.40)
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Thus
min  ¢;,(0) > 0 if and only if P(o) > 0.
1<k<I<N-1
This completes the proof of Theorem [6.2.1] n

Proof of Lemma|6.4.6; We can simplify the expression for ¢, (o). Applying (6.35]) and (6.32),
we have: for 1 < k<[ <N —1,

(R'AR™Y),,  2(N —k) & 2 < 21 al
kl __ 2 2 2
P T Nk Z”P_NZUP+N(N—Z)ZUP'
Kl p=1 p=k+1 p=I+1
Therefore, we have:
[2(N-1) 4(N—k) )
cri(o) == ( N T T NE ;O'p
AN=1) 4\ — , [2(N-=1) Al N
+< N +N)ZJP+ N T NoON) 2
p=Fk+1 p=l+1

kN

M= 21
i
£

Now, for k > 2 we get:
2(N—-1)k—4(N—k)>4N—-1)—4N+8=4>0.
Similarly, for [ < N — 2 we get:
2(N —=1)(N —=1)—4l>0.

This proves part (i) of Lemma[6.4.6] Parts (i) and (iii) are now straightforward. 0O

6.4.6  Proof of Theorem [6.2.3

Fix a subset I C {1,..., N —1} such that J C I. Take the matrices R and A given by (3.16)
and (3.8). Essentially, we need to prove the following lemma:
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Lemma 6.4.7. If the subset I satisfies Assumption (B), then the process Z = (Z(t),t >

0) = SRBMY!([R];,0,[A];) a.s. does not hit the origin at any time t > 0.

If we prove Lemma [6.4.7] then Theorem [6.2.3] will automatically follow from this lemma
and Theorem |[6.3.4. The rest of this subsection is devoted to the proof of Lemma|6.4.7]

Let us investigate the structure of the matrices [R]; " and [A];*. Split I into disjoint non-
adjacent discrete intervals: [ = [ Ul U...UI,.. Since the matrices R and A are tridiagonal,

the matrices [R]; and [A]; have the following block-diagonal form:

[R]I = diag ([R]Il’ SRR [R]Ir) ) [A]I = diag ([A]h? SR [A][r> .

So the processes

211, = (Z(@)]1,,t >0), j=1,...,s, (6.41)

are independent SRBMs:

And for any subset

the process
(2] = ([Z(t)] 1, = 0) = SRBMI" ([R] 1,0, [A] ).

Remark 21. If for some choice of I’ this process a.s. does not hit the origin of lel at any

time ¢ > 0, then the original process Z a.s. does not hit the origin at any time ¢ > 0, because
of independence of (6.41)).

Now, let us state three lemmas.

Lemma 6.4.8. If at least two of the discrete intervals I, ..., I, are singletons, then Z a.s.

at any time t > 0 does not hit the origin.

Lemma 6.4.9. If at least one Iy, ..., I, is a two-element subset {k—1, k} with local concavity

at k, then Z a.s. at any time t > 0 does not hit the origin.
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Lemma 6.4.10. If [ satisfies Assumption (A), then Z a.s. at any time t > 0 does not hit

the origin.

Combining Lemmas [6.4.8, [6.4.9, and [6.4.10] with Remark 21, we complete the proof of
Lemma [6.4.7 and Theorem [6.2.3 O

In the remainder of this subsection, we shall prove these three lemmas.

Proof of Lemma Without loss of generality, suppose Iy = {k} and I, = {l} are

singletons. Since they are not adjacent, |k — | > 2; assume that k <[, so l > k4 2. Then

(Z/f’ Zl)/ = SRBM2 ([R]IlLJIQ’ 07 [A]IIUIQ) :

2 2
Ok + 01y 0

[A]IIUIQ = ) [R]Ilulg = I.

0 of + 0ty
So Zj and Z; are independent reflected Brownian motions on R,. They do not hit zero

simultaneously, which is the same as to say that (Z, Z;)" does not hit the origin in R2 .
Proof of Lemma[6.4.9t Follows from Remark [19 and Proposition [5.1.1]

Proof of Lemma|6.4.10; By Lemma from Chapter 4, which corresponds to [I00, Lemma
5.6, the matrices [R]y,, ..., [R]; are themselves reflection nonsingular M-matrices, so they

are invertible, and

[R]~! = diag ([R]},'. .., [R].") -

In addition,

[R]7 Al = diag ([R];,' [l - - (R [AlL) - (6.42)
[R]; AL 'R = diag ([RI [Aln[R] - - IR AL R -

Lemma 6.4.11. For the matrices R and A given by (3.16) and (3.8), we have:

(R TALY) = D T(@)). (6.43)



Proof. Because of , we get:
(R ALY = D e ([RIE [AlL)-
j=1

Applying Lemma with I; instead of {1,..., N — 1} and I, instead of {1, ...

1,...,r, we have:

tr([R]7'[AlL,) = ZT@-), j=1,....r

Combining (6.44)) and (6.45]), we get (6.43)).

Lemma 6.4.12. We have the following estimate:

o' [R]; [AL[R]; ' [R];, TAIL BT )
max prasca) < max max —
cer\oy  @[R]7w s=terkich (BRI,
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(6.44)

7N}7j:

(6.45)

]

(6.46)

The proof of Lemma is postponed until the end of this section. Assuming we have

proved it, let us show how to finish the proof of Lemma |6.4.10]

Using ((6.46) and (6.43)), we can rewrite the condition (6.31)) as

R AL R

. (
T(I;) —2max max
jz_; (1) =1, rkklglll ([R]fl)

Equivalently,

-1

([RILALRIE) >0, i=1,....m

I

H
=)
=

E T(I;)+ T(I;) — 2max -
= ser o (B,
JF1

In the proof of Theorem [6.2.1] see (6.40) and (6.34)), it was shown that for i =1, ...

have:
T - g ([Rlzi(g%gi]n St _ win(P(T),8), 3= d(loly) > 0

Therefore, the condition (6.31) is equivalent to

> TI)) +min(P(I;),6) >0, i=1,...,r
J#

, T, We

(6.47)
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It suffices to note that 7(I;) > 0 for all i. Therefore, the condition (6.47)), in turn, is

equivalent to

J#i
This completes the proof of Lemma [6.4.10, and with it the proofs of Lemma [6.4.7] and
Theorem [6.2.3

Proof of Lemma6.4.12, The matrices [R]; ' and [A]; ' are block-diagonal, with the blocks

corresponding to the sets Iy,..., I, of indices. Therefore,
o' [R] AR e =) [y [RI AR (2, @/[R] e =) [2)y (R el (6.48)
j=1 j=1

(R AUR] e = ) (ol [RI; Al [B] 2, «'[BlT'e =) [2]y [RIg ey,
J€Q(2) j€Q(x)
For j € Q(z), we have: [z];, € S|+Ij| \ {0}. The matrix [R];, has the same form as R
in (3.16), but with smaller size. So all elements of the inverse matrix [R];" (just like for
R™') are positive. Therefore, (2]} [R];'[z];, > 0, i = 1,...,r. Applying Lemma m to
a; = [z]}, [R]EI[A]IZ. [R]I_l[x]f and b; = [z]], [R]I_l[x]f > 0 for i € Q(x), we get:

2[R AR (2], [R];jl[A]Ij [R];jl[l']fj
o' (R x = jinéai};) m/lj [R]fjl 2]z, . (6.49)

But the matrix [R];,, as just mentioned, has all elements positive. Applying Lemma W,
we have for y € ]R'fl \ {0}:

VR Ry (A, 650
YRS (m), |

Combining (6.49) and ((6.50]), we get (6.46[). O
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6.5 Proof of Theorem [6.2.2]

Recall the setting of Theorem : we have a process Z = (Z(t),t > 0) in R%, which is an
SRBM“(R, i1, A) with a reflection nonsingular M-matrix R. We would like this process to
avoid the corner {0}.

A careful reading of the proof of Theorem shows the following: Replace the matrix
R™! in the formula for F(Z(t)) by a matrix (). To guarantee that the process F(Z(t)) =
Z(t)'QZ(t) avoids the origin, we need the following conditions to hold:

ZQz >0, forall z€RY; (6.51)
(QR); >0, if i#]: (6.52)
2’ QAQx

tr(QQA) > 2 max
Q4) > reré\{0} QT

(6.53)

The first condition guarantees that F(Z(t)) = 0 is equivalent to Z(t) = 0. The third
condition is needed to get the correct drift when comparing the time-changed process F/(Z(-))
to a Bessel process. The only change being made to this proof is . This condition
guarantees that the terms corresponding to the regulating processes for the process F/(Z(-))
are all nonnegative. In the proof of Theorem , the matrix Q = R~ is chosen to make
the inequality be an equality (and so the regulating processes go away). But if they are
nondecreasing, this can only help the process F/(Z(-)) avoid hitting zero. So Q@ = R™' is
only one of many possible choices. And here, we make a different choice for the matrix
Q. Remember that (subsection 4.2) in this particular case the SRBM Z = (Z(t),t > 0) is
actually the gap process for the system of N = 4 competing Brownian particles. So we have:

d=N—1=3, and

1 —1/2 0 o?+0? —o3 0
R=|-1/2 1 -1/2|, A=]| —02 oi+02 -0
0o -1/2 1 0 —03 03+ 03
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We pick the following matrix:

1 11

2 2 2 2
O= 11 x 1|. where )\:01+02+03+a4.

2 2
05 + 03

(6.54)

1 11

Since every entry in () is positive, the condition (|6.51]) is easily satisfied. One can also confirm

the relation QAQ = @Q, and so ([6.53)) is satisfied. Finally, calculations show that

N[
=)

N |#—

QR=|1—-

N[>

A—1 121, (6.55)

N>

N
o

N |

and so (6.52)) is equivalent to

A
1—520 = A<2 < 0;+os>0]+o]

6.6 The Case of Asymmetric Collisions

We can define collisions and multicollisions similarly to the classical case, as in Definition [29]
It was shown in [71], see also Chapter 3, that the gap process for systems with asymmetric
collisions, much like for the classical case, is an SRBM. Namely, it is an SRBMY (R, i, A),
where 1 and A are given by and , and the reflection matrix R is given by

1 —q¢ O 0o ... 0 0
—q 1 —q¢ 0 .. 0 0
0 —q¢ 1 —q ... 0 0
e 030
0 0 0 0o ... 1 —QN_1
0 0 0 0 ... —qh, 1

The connection between multicollisions and multiple collisions in this system and hitting of

edges of ]Rf ~! by the gap process is the same as in Lemma m This allows us to apply
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Theorem and Theorem to find sufficient conditions for avoiding multicollisions
of a given pattern. In particular, the results of Lemma [6.4.2 are still valid for system with
asymmetric collisions: the property of a.s. avoiding multicollisions of a certain pattern
depends only on the diffusion coefficients and parameters of collision.

A remark is in order: the matrix R in in general is not symmetric, as opposed to
the matrix R in (3.16)). But if we take the (V. — 1) x (N — 1) diagonal matrix

4 G4 qf?qg*---qjt_l)

Czdiag(l, - L, = =
Q> 42 Q3 4243 ---4n_1

then the matrix R = RC is diagonal.
6.7 Appendix

6.7.1 Proof of Lemmal6.3.1

By [103, Lemma 2.1], the matrix R~! has all elements nonnegative, and its diagonal elements
are strictly positive. The same is true for the matrix R~ = C'R™! = (py)i<ij<a. If
x € S\ {0}, then all components of x are nonnegative with at least one component strictly

positive, and so
d d d

R = Z Zpij:cixj > Z puzs > 0.

=1 j=1 =1
In addition, R~! is a nonsingular matrix, and = # 0, so R~'z # 0. Since A is positive
definite, we have:

¢ RYAR 2 = (R '2)' A(R ') > 0.
Therefore, the function

?RYAR 'z
o) =—p

is well-defined and strictly positive on S\ {0}. In addition, it is homogeneous, in the sense

that for x € S\ {0} and k& > 0 we have: f(kz) = f(x). Therefore,

{f(z) [z € S\{0}} = {[f(z) |w €S, |zl = 1}.
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The set {x € S | ||z|| = 1} is compact, and f is continuous and positive on this set. Therefore,
it is bounded on this set (and so on S\ {0}), and reaches its maximal and minimal values,

both of which are strictly positive.

6.7.2 Proof of Lemma|6.3.3

Let us prove the statement for the maximum. For the minimum, the proof is similar. For
x € S\ {0}, we have: z4,...,24 > 0, and so
d d . _
fRAR e i i (RTTAR™ )
—1 - d d :
'Rz D im1 Dt Pi T

Apply Lemma to s = d?, a;; = (R"*AR™Y)zx;, by = pijrix; (we index a; and b; by

double indices, with each of the two indices ranging from 1 to d). It suffices to note that,
because of the symmetry of RTTAR™! and R™! = (p;;), we have:
(RTAR™),;; (RTAR™),;

Smax —————— = max
i,5=1,...d Pij 1<i<j<d Pij

6.7.3 A technical lemma

Lemma 6.7.1. Take real numbers aq,...,as and positive real numbers by, ..., bs. Then

. aq Qg <a1—i—...+as< a1 Qg
mn|—,...,— | ————<max|-—,...,— | .
b1 bs b1+ ...+ bs b1 bs

Proof. Let us prove the inequality

al—l—...+a8< ai Qs
——— <max|-—,...,— |.
by +...+0bs — by bs

The other inequality is proved similarly. Assume the converse: that

a1+...+as>ai . 1
—_— > 1=1,...,8.
b1 + ...+ by b;

Multiply the ith inequality by (by + ...+ bs)b; > 0: (a1 + ...+ ag)b; > a;(by + ... + bs) for

1=1,...,s. Add them up and arrive at a contradiction. O
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Chapter 7
INFINITE SYSTEMS

7.1 Introduction

In this chapter, which corresponds to the author’s paper [I0I], we prove Theorem for
the infinite Atlas model, together with similar results for more general infinite systems. In
these systems, the kth ranked particle moves as a Brownian motion with drift ¢, and diffusion
o? (where gy, 07 are fixed parameters) for each k = 1,2, ..., see Definition 20| These are
called infinite classical systems of competing Brownian particles, see [105], [59].

We devote Section 7.2 to the questions of existence and uniqueness results for these infinite
classical systems, see Proposition In fact, these statements were already proved in [105]
and [59], but we provide a full proof here for the sake of completeness. The infinite Atlas

model is a particular case of this general model, when
91:1, 92293:...:0, 0'1202:...:1.

In Section 7.3, Definition we introduce a generalization of such systems: infinite systems
with asymmetric collisions, with parameters of collisions (qf)kzl. This means, so to speak,
that ranked particles Y, £k =1,2,..., have “different mass”, and when they collide, they fly
apart with “different speed”. Finite systems with asymmetric collisions were already defined
in [71], see also Chapter 3 of the current thesis.

Section 7.4 is devoted to the gap process Z = (Z(t),t > 0): stationary distributions and
weak convergence as t — oo. In subsection 7.4.1, Theorem |7.4.3] we construct a stationary
distribution 7 for the gap process of an infinite system, as a limit of stationary distributions
for finite systems. For the infinite Atlas model, this distribution 7 is none other than .

By the way, this provides a simplified proof of the main result of [89]: that 7., is a stationary
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distribution for the gap process of the infinite Atlas model. But we do this for the general
case of an infinite system with asymmetric collisions. In subsection 7.4.2, we elaborate on
results of subsection 7.4.1. We consider the case when this stationary distribution 7 is of
product-of-exponentials form (the so-called skew-symmetry condition).

In subsection 7.4.3, we consider weak convergence of the gap process Z(t) as t — oo.
We prove Theorem [7.4.5] which is essentially the same as Theorem [I.4.1], but for the general
case instead of the infinite Atlas model. Theorem turns out to be a straightforward
corollary of Theorem [7.4.5]

In Section 7.5, we prove results about a.s. absence of triple and simultaneous collisions,
continuing the work done in Chapter 5 (which corresponds to the author’s paper [103]). The
results for infinite systems turn out to be very similar to that for finite systems. Section
7.6 is devoted to proofs of some results from the paper. Section 7.7 (Appendix) contains a

statement and a proof of some technical lemmata.

7.2 Infinite Classical Systems of Competing Brownian Particles

The following existence and uniqueness theorem was proved in [59] and [105]. We restate it
here in a slightly different form and prove, combining the proofs from these two articles. For
the sake of completeness, we include the whole proof in this thesis, although in the article

[TOT] we have only part of this proof.

Proposition 7.2.1. Suppose x € R*> is a rankable vector which satisfies the following con-
dition:

lim z, =00, and Ze_o‘x% < oo forall a>0. (7.1)
n—oo =1

Assume also that there exists ng > 1 for which

Ono+1 = Gnot2 = --- =g, and Opyi1 = Opgi2 = ... =0 > 0.

Then, in a weak sense there exists an infinite classical system of competing Brownian particles
with drift coefficients (gi)k>1 and diffusion coefficients (02 )k>1, starting from x, and it is

unique 1 law.
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Proof. Without loss of generality, assume x; < 2o < ... Construction of this system goes as

follows: for every N > ng and = € RY, take a probability space
(Q(N,r), FWNa), P(N,:v))

with a classical system

T N,x N,z !
X0 — (XM X

of N competing Brownian particles, with drift coefficients (g,)1<n<ny and diffusion coeffi-
cients (02)1<n<n, starting from X ¥@)(0) = z, and with a sequence B BV of i.i.d.
standard Brownian motions, independent of the system X" Now, consider the product
(Q, F,P) of all these probability spaces.

Define the infinite system X recursively. First,

No :=ng, 70:=0, X(0) =z.

Next, for every m = 0,1,..., as t < T4 — T, We define: z,, := (X1(7n), .-, Xn,, (Tim)),
and

Xi(Tm) + gt + oWi(t), i > Ni;

Xi (t + Tm> =

XNmrm) (1) =1, Np.

Here,
Tm+1 = mf{t Z Tm ’ di > Nm; j = 1, ..., Xl(t) = X](t>}7

and

Nm+1 = max{i > Nm ’ Elj = 1, ..., Xz (Terl) = XJ (Terl)}-

Let us explain the method of construction in words. All particles, except the lowest ng
ranked ones, move as Brownian motions with drift g and diffusion ¢2. Initially, we define the
infinite system by splitting it into two parts. The first part is the bottom ng particles (which
coincide with the particles X, ..., X,,,, because at time ¢t = 0, ranks coincide with names).

They move as a finite classical system of ny competing Brownian particles. The second part
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of this infinite system consists of countably many independent Brownian motions, starting
from z;, i > ng, each having drift ¢ and diffusion o2.

The particles follow this dynamics until some particle from the second part collides with
some particle with the first part. Let us call this moment 7. Then we add this particle (and
all other particles from the second part hit by some particles from the first part, if there is
more than one collision at this moment 77) to the first part, which becomes bigger. Let Ny
be the largest name of a particle in the updated first part. Then we add all particles with
names less than or equal to N7 to the first part of the infinite system, even if they have not
hit one of the particles X7, ..., X,,.

Starting from the moment 71, we define the updated first part to be a finite classical
system of competing Brownian particles, and the updated second part to be again just
independent Brownian motions. Particles follow this dynamics until there is another collision
between two particles: one from the first part and one from the second part. We call this
moment 75 and update the parts of the system again. Then we repeat the process.

Suppose that we have proved the following statements.
Lemma 7.2.2. For every m = 1,2,... we have: N, < o0 a.s.
Lemma 7.2.3. As m — oo, we have: T,, — 00 a.s.

Let us show that the process X is, in fact, an infinite classical system of competing
Brownian particles with drift coefficients (g,),>1 and diffusion coefficients (02),>1, starting
from X (0) = x.

One can describe the behavior of the infinite classical system as consisting of the bottom
no particles, which have drift coefficients (g, )1<n<n, and diffusion coefficients (02)1<,<pn,, and
all other particles, which have drift coefficient g and diffusion coefficient 2. As long as a
particle from the second group does not hit a particle from the first group, it behaves as a
Brownian motion with drift g and diffusion o2, without interacting with other particles from
the second group. As it hits one of those “exceptional ” bottom ng particles, however, it

needs to be “integrated” into a finite system of competing Brownian particles. We can carry
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out the construction so that this “integration” occurs before this moment, but not after.
It suffices to show that this is the case for our construction: that each of the “upper”
particles is “integrated” before or at least at the moment of hitting one of the lowest-ranked

no particles. Indeed, assume
Xi(t) = Xp,(jy(t) for some i>ng, j=1,...,no.

We claim that then there exists s € [0,¢] and [ = 1,...,j such that X;(s) = X;(s). Indeed,
the quantity of k such that Xj(¢) < X;(t) is less than j (this follows from the definition
of rank). So there exists [ = 1,...,j such that X;(0) < X;(0), but X;(t) > X;(¢). Using
continuity of X; and X;, we complete the proof.

Now, let us show uniqueness in law of the system X: it holds until every moment 7,,,

and since 7, — 00, it holds on the whole infinite time horizon.

Proof of Lemma . Assume the converse: that N; = oo for some j. Denote this event
by As. Since the sequence (N, )m>0 is strictly increasing, there exists m such that N, < oo,

but N,,;1 = co. Therefore,
A = |J | AWM, m), where A(M,m):={N,, = M, Ny = oo}. (7.2)

m=0 M=0

Assume the event A(M, m) has happened. Then 7,1 < oo. The fact that N,,;; = 0o means
that X; (7,,+1) is the same for infinitely many values of i; in particular, for infinitely many
values of ¢ > ng. But for i > M = N,,, the processes X; behave as Brownian motions with
drift g and diffusion ¢, starting from X;(0) = z;, at least until 7,,,1;. Among these Brownian

motions, there exist three: X, X;,, X;,, which start from different x; (because x; — oo as

17

i — 00). Therefore, the event
A<M’ m, iy, la, i3) = A(Mv m) N {Xil (Tm+1> = X, (Tm-l-l) = X, (Tm—l-l)}
has probability zero. But

AM,m) = | AM,m,iy,ia,is),

11,12,13
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where the union is taken over all iy, 5,43 > M such that z;,, z;,, z;, are all different. This is

a countable union, so P(A(M,m)) = 0. Thus, from (7.2)) we have: P(A,) = 0.
Proof of Lemma[7.2.3] Fix T > 0. It suffices to show that

lim P(r, <T) =0.

m—r0o0

Fix m > 1 and assume the event {7, < T} has happened. Note that, until the moment 7,,,

the first N,, components (X7, ..., Xy, )" of the system X behave as a finite classical system

of N,, competing Brownian particles:

(Xi(t), ..., XN, (1)), 0<t < 7)) = ((Xl(t),...,XNm(t)>', 0<t< Tm) :

Therefore,

max max X;(f) < max max X;(f) < oo.
0<t<Tm 1<i<ng 0<t<T 1<i<ny

Fix ¢ > 0. Take a threshold u, € R such that
P (max max X;(t) > u€> <e.
0<t<T 1<i<ng

Note that this u. does not depend on m. Now, each X; for ¢ > N,, behaves as a Brow-
nian motion with drift ¢ and diffusion o2, starting from z;, at least until the moment 7,,.

Therefore, for some standard Brownian motion B; we have:
Xi(t) =z + gt + oBi(t), t <.

Suppose we proved that

i P (min Xi(t) < u5> < 0. (7.3)

0<t<T
>N,

Applying the Borel-Cantelli lemma, we get: there are a.s. only finitely many ¢ > N,, such

that

o Xi(t) < ue.
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There exists M. such that the number of these i > 1 is greater than M, only with probability
< e. And this M, is independent of m: it depends only on 7" and . So with probability

> 1 — 2¢, there does not exist ¢ > M, and j = 1,...,ng such that
Xi(Tm) == Xj(Tm).

If this event happened, then N,, < M.. From construction of (NV;);>o we know that N; >

N;_1 + 1 for all j, and so N, > Ny +m = ng + m. Therefore,

P(m < M. —ng) > 1— 2e.
If we fix ¢ > 0 and take m, := M, — ng + 1, then
P(r,. >T)>1—2e.

Since € > 0 is arbitrarily small, this completes the proof.

Now, let us show ([7.3]). Indeed,

{ min X;(t) < u} C {:c — (gT)_ 4+ o min Bi(t) < u} C {a min B;(t) < u. — x; + (gT)},

0<t<T 0<t<T 0<t<T

and the sum in ([7.3)) can be estimated as

Z P (a i Bi(t) < u. —x; + (gT)_) = Z 2P (aBl-(T) > X — U — (gT)_>
1>Npm, 1>Nm
- T — Ue — (gT)—)
2% w ( .
Using Lemma [7.7.1], we conclude that the latter sum is finite. O

Let us state a few properties of this infinite classical system of competing Brownian
particles. They were already stated and proved in [105] and [59], but we include the proof

for the sake of completeness.

Proposition 7.2.4. Under conditions of Proposition |[7.2.1], we have:
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(i) For every T > 0 and u € R there are a.s. only finitely many particles X; such that

min X;(t) < u.
0<t<T

(ii) Moreover, for every a > 0 we have:

o0

Z e Xi ) < oo,

=1

(iii) The dynamics of the ranked particles Yy, is as follows. Denote by

Lk ger1) = (Ligern(t), 1 > 0)

the local time process at zero of Zy,, k = 1,2,.... For notational convenience, let L 1)(t) = 0.

Let
0t
=3 [ e =), k=120 ez
i=1 Y0

Then the processes By, = (Bg(t),t > 0), k= 1,2,... are i.i.d. standard Brownian motions.
We have:

1 1
Yk(t) = Yk(O) + gkt + UkBk(t) — §L(k’k+1)<t) + §L(k—1,k) (Zf), t>0, k=1,2,.... (7.4)

Proof. (i) We can write X;(¢) in the form of

X;(t) :yi—i—/o Bi(s)ds+/0 pi(s)ds, (7.5)

where

= Z 1(X; hasrank k at time t)gg, pi( Z 1(X; hasrank k at time t)oy
k=1 k=1

Because of , we get:
5O <7, |pt) <7, =0
Therefore,
Xi(t) >y — g + M,;(t), where M;(t) = /Ot pi(s)dW;(s)
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is a continuous square-integrable martingale with quadratic variation
t
(M) =/ pi(s)ds <3°T, te€[0,T].
0

Let us make a time-change: for some standard Brownian motion B; = (B;(s),s > 0), we

have:
M;(t) = Bi ((Mi)e)
So
i (1) > 1 — (7 in B.
uin Xi(t) >y — (@71)+ + Join, Bi(s).
Therefore,

. . < . _' _ i —
P (s X(0) <) <P min, Bo)<u-p+ @) )

=P ( max B;(t) > —u+y; — (§T)+) =2P (B;(c’T) > —u+y; — (g7)+)

0<t<a2T

_ 9y (—U +g¢\/—T(§T)+) .

By Lemma [7.7.1] the sum of the terms on the right is finite. By the Borel-Cantelli lemma,

(i) is proved.
(ii) We use the representation ([7.5)). Let us show that
- = 1
ZP < min  B;(t) < ——yi> < 0. (7.6)
Pt 0<t<&2T 2
Indeed,
5 1 = 1 Yi/2
P B,(t) < —=y; | =P Bit) > -y, | =V | —— ).
(035?% ®) 2y) (oglgf}gT ®) 2y) (5@)
Then it suffices to apply Lemma Now, ([7.6)) means that (applying the Borel-Cantelli
lemma), for all but finitely many ¢ > 1 such that
1

min  B;(t) > —=y;.
0<t<&2T 2
Therefore, for these (all but finitely many) ¢ > 1
— 1
vi+ (7)) + min B;(t) > vy + (97). (7.7)
0<t<z2T 2
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By Lemma [7.7.0] for all « > 0,

S e/t < o,

i=io
This completes the proof of (ii).

(iii) This statement follows from (i) and similar statement for finite systems (see (3.2)).
Indeed, take the kth ranked particle Yj and let u := maxjy 7 Yy + 1. Let us show that for
every t € [0, 7] there exists a neighborhood of ¢ in [0, 7] (possibly random) such that
holds. The statement of (iii) would then follow from compactness of [0, 7] and the fact that
T > 0 is arbitrary.

Indeed, there exists iy such that minj ) X; > u for ¢ > 4p. Take m > k and assume the
event {iy < m} happened. Fix time ¢ € [0,7]. We claim that if Y} does not collide at time
t with other particles, then there exists a (random) neighborhood when Y} does not collide
with other particles. Indeed, particles X;, ¢ > m, cannot collide with Y}, by definition of
u and 4. And for every particle X;, ¢ = 1,...,m, other than Yj (say Y, has name j at
time t), there exists an open neighborhood of ¢ such that this particle does not collide with
Y, = X; in this neighborhood. Take the finite intersection of these m — 1 neighborhoods and
complete the proof of the claim.

In this case, the formula @ is trivial, because the local time terms L_1x) and L p41)
are constant in this neighborhood.

Now, if Yi(t) does collide with particles X;, i € I, then I C {1,...,m}. We claim that
there exists a neighborhood of ¢ such that, in this neighborhood, particles X;, ¢ € I, do not
collide with any other particles. Indeed, for every i € I, we have: X;(t) = Yi(t) < u — 1.
There exists a neighborhood of ¢ in which X; does not collide with any particles X;, [ €
{1,...,m}\ I. There exists another neighborhood in which X;(t) < u (and therefore it does
not collide with any particles X;, { > m). Intersect all these neighborhoods (there are 2|I|
of them) and complete the proof of this claim.

In this neighborhood, the system (X;,7 € I) behaves as a finite system of competing
Brownian particles. It suffices to refer to . O
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7.3 Infinite Systems with Asymmetric Collisions

Proposition provides motivation to introduce infinite systems of competing Brownian
particles with asymmetric collisions, when we have coefficients other than 1/2 at the local
times in . We prove an existence theorem for these systems. Unfortunately, we could
not prove uniqueness: we just construct a copy of an infinite ranked system using approxi-
mation by finite ranked systems. This copy is called an approrimative version of the infinite
ranked system. We also develop comparison techniques for infinite systems, which parallel
similar techniques for finite systems from Chapter 4. Finally, we show that if we take a
infinite classical system and rank it, the resulting infinite ranked system will, in fact, be the
approximative version. This allows us to use the results of this chapter not only for infinite

ranked systems, but also for infinite classical systems.

7.3.1 Existence result and some properties

First, we state a formal definition of an infinite ranked system of competing Brownian par-

ticles.
Definition 32. Fix parameters g1, gs,... € R, 01,09,... > 0 and (¢F),>; such that
grat+g, =1, 0<gi<1, n=12,...

Consider an R*-valued process Y = (Y (¢),t > 0) with continuous adapted components and
continuous adapted real-valued processes Ly i1y = (Lertny(t),t > 0), k = 1,2,... (for
convenience, let Lo,y = 0), with the following properties:

(i) Yi(t) < Ya(t) < Y3(t) < ... fort >0

(ii) for i.i.d. standard (F;):>o-Brownian motions By, By, ..., we have:
Vi(t) = Yi(0) + gt + 0 Bi(t) + @3 Lk—1.6)(t) — @ Lapry(t), k=1,2,..., ¢t>0;
(iii) each process L(j 41y is nondecreasing, L x+1)(0) = 0 and

| 00 = V) Ak = 0, k= 1.2....
0
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The last equation means that L 41y can increase only when Y, (t) = Y41 (2).

Then the process Y is called an infinite ranked system of competing Brownian particles
with drift coefficients (gi)i>1, diffusion coefficients (03)i>1, and parameters of collisions
(gi )s>1. The process Yy = (Yj(t),t > 0) is called the kth ranked particle. The R-valued
process Z = (Z(t),t > 0), Z(t) = (Zx(t))k>1, defined by

Zi(t) = Y () = Yi(t), k=1,2,..., t>0,

is called the gap process. The process L 41y is called the local time of collision between
Y, and Yy If Y(0) = y, then we say that this system Y starts from y. The processes

By, B,, ... are called driving Brownian motions.

We can reformulate Proposition (ii) as follows: take an infinite classical system
X = (X;)i>1 of competing Brownian particles with drift coefficients (g,),>1 and diffusion
coefficients (¢2),>1. Rank it: in other words, switch from named particles X;,i > 1, to
ranked particles Yi, k > 1. The resulting system Y = (Y})r>1 is an infinite ranked system
of competing Brownian particles with drift coefficients (g, ),>1, diffusion coefficients (¢2),,>1,
and parameters of collision

G =1/2, n>1

In this chapter, we construct this infinite system by approximating it with finite systems

of competing Brownian particles with the same parameters.

Definition 33. Using the notation from Definition 32} for every N > 2, let

Y™ = (}Q(N),...,Y](VN))/

be the system of N ranked competing Brownian particles with drift coefficients g1, ..., g,
diffusion coefficients 0%, ..., 0% and parameters of collision (¢F);<,<y, driven by Brownian
motions By, ..., By. Suppose there exist limits

lim Y,V (8) = Vi (t),

N—o0
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which are uniform on every [0,7], for every k = 1,2,..., and Y = (Y7,Y5,...) turns out
to be an infinite system of competing Brownian particles with parameters (g,)n>1, (02)n>1,

(¢F)n>1. Then we say that Y is an approzimative version of this system.
The main result of this section is as follows.

Theorem 7.3.1. Take a sequence of drift coefficients (gn)n>1, a sequence of diffusion coef-

ficients (02),>1, and a sequence of parameters of collision (¢F)n>1. Suppose that the initial

conditions y € R*> are such that y, <y, < ..., and
Ze‘ay% < oo forall a>0.
n=1

Assume that

inf g, =: g > —o00, supo’ =:0° < o0, (7.8)
n>1 n>1

and there exists ng > 1 such that ¢ > 1/2 for n > ng. Take any i.i.d. standard Brownian
motions By, Bs,.... Then there exists the approrimative version of the infinite ranked system
of competing Brownian particles with parameters (gn)n>1, (02 )n>1, (¢ )n>1, starting from vy,

with driving Brownian motions By, Bs, . . .

Remark 22. We have not proved uniqueness for infinite ranked system from Theorem [7.3.1]
We can so far only claim uniqueness for infinite classical systems. If we take the infinite
ranked system from Theorem with symmetric collisions (¢& = 1/2, n=1,2,...), and
impose the condition that this system must be the result of ranking a classical system, then
we also get uniqueness. But without this special condition, we do not know that this is

unique.

Proof. Step 1. gt > 1/2 for alln > 1. For N > 2, consider a ranked system
N N’
Y = (v, vV)

of N competing Brownian particles, with parameters (g,)i1<n<n, (02)1<n<n, (¢5)1<n<n,

starting from V,E:N)(O) =y, k=1,..., N, with driving Brownian motions Bi, By, ..., By.
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Define the new parameters of collision

1
==, n>1.
qn 2’ n_

Consider another ranked system
_ . _ /
v = (YgN), . ,YE\J,V)> ,

of N competing Brownian particles, with parameters (gn)i<n<n, (00)1<n<n, (@) 1<pens
starting from V,iN)(O) =1y, k=1,..., N, with driving Brownian motions By, Bs, ..., By.
By Corollary and Remark [8) which correspond to [100, Corollary 3.9, Remark 7], we
have:

Ve <@, v <y ™M), k=1,...,N, t>0, (7.9)

Since ¢ > gt = 1/2 for n = 1,..., N, by Corollary |4.3.11| from Chapter 4 (which corre-
sponds to [100, Corollary 3.12]), we have:

YW <y™Me), t>0, k=1,...,N. (7.10)
Lemma 7.3.2. For every T > 0, we have a.s.

lim min 7§N) (t) = inf min ?ﬁN) (t) > —o0.
N—ro0 0<t<T N>20<t<T

The proof is postponed until the end of the proof of Theorem [7.3.1} Assuming we proved
this lemma, let us continue the proof of Theorem [7.3.1]
Step 2. Assume we proved Lemma[7.3.2] For every k > 1,¢ >0, N > k, we have:

y M) > v

) > 7M@) > 1im YW).

~ N—oo

By (7.9), there exists a finite pointwise limit

Yi(t) := lim YN (). (7.11)

N—oo

Now, let L(N)

!/
(ngl\g), e ’LE%)—LNQ be the vector of local times for the system Y ().
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Lemma 7.3.3. There exist limits

for each k > 1, uniform on every [0,T]. The limit Yy (t) from (7.11)) is also uniform on every
0, T] for every k > 1.

The proof of Lemma [7.3.3|is also postponed until the end of the proof of Theorem [7.3.1]
Assuming we proved this lemma, let us complete the proof of Theorem for the case when
g > 1/2 for all n > 1. Uniform limits of continuous functions are continuous; therefore,

Lk k+1) and Y} are continuous. We have:
ViV () = i + gt + o Bi(t) + G LGy () — a5 Ligpa (8), k=12, t>0.
Letting N — oo, we have:
Yi(t) =y + git + 01 Bi(t) + ¢ L—11)(t) — g5 Ly (), k=1,2,..., t>0.

Finally, let us show that L 41y and Yj satisfy the properties (i) - (iii) of Definition [32]
Some of these properties follow directly from the uniform covergence and the corresponding
properties for finite systems Y ™). The nontrivial part is to prove that Lk x+1) can increase
only when Yj, = Yj41. Suppose that for some k > 1 we have: Yj(t) < Yii1(¢t) for ¢ € [a, 5] C
R.. By continuity, there exists € > 0 such that Yy 1(t) — Yi(t) > € for t € [o, B]. By uniform

convergence, for N > Ny we have:
N N
A ORS A0

So LM ) 1s constant on [av, A]: Lighi(a) =

(k,k+1 (ek+1) (V) (B). This is true for all N > Nj.

(k,k+1)

Letting N — oo, we get: L kt1y(a) = Ligxs1)(B8). Therefore, L 41y is also constant on
[, ]

Step 3. Now, consider the case when ¢ > 1/2 only for n > ng. It suffices to show that
(Y,fN) (t))n>k is bounded from below (this is the crucial part of the proof). For N > ng + 2,
consider the system

PO (70, 7Y

no+1s
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of N—ngy competing Brownian particles with parameters (g, )ny<n<n, (02 )no<n<s (G5 )ng<n<N,
starting from (Yng41,.-.,yn)’, with driving Brownian motions By,i1,...,By. By Corol-

lary and Remark [8] which correspond to [I00, Corollary 3.9, Remark 7], we have:
Yk(N) (t) > ?,C(N) (t), for ng <k <N and ¢t>0. (7.12)

But for every k > ny and ¢ € [0, T, the sequence (?k(N) (t)) N>k is bounded below: we proved
this earlier in the proof of Theorem Let us show that for every ¢ € [0, T], the sequence
(ﬁ(N) (t))n>2 is bounded below. Indeed, again applying Corollary m from Chapter 4,
which corresponds to [100, Corollary 3.9], we get:

20 = (), 20, k=1,...,n0, N =ng+2.

And
N N N N n n
YN (@) = Yoo (8) = Z00(0) — . = 207 (0) 2 Yl () = 27 — = 200 @),
But (Yn(0+)1( t)) N>ng+2 is bounded from below, and Z,EHOH)(t) for k =1,...,ng are independent

of N. Therefore, (YI(N) (t))n>2 is bounded from below. The rest of the proof is the same as
in the case when ¢ > 1/2 foralln =1,2,...

Proof of Lemma[7.3.2 1t suffices to show that, as u — oo, we have:

P < min ?gN)(t) < —u) — 0.

0<t<T

The ranked system y ™ has the same law as the result of ranking of a classical system
XM = (X{N) . X}VN)),

with the same parameters: drift coefficients (g, )1<n<n, diffusion coefficients (02); <<y, start-

ing from X" (0) = (y1,...,yn)". These components satisfy the following system of SDE:

N
dX(N) Z (X ™ has rank k at time ¢) (grpdt + o dW5(t)), i=1,...,N, (7.13)
k=1
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for some i.i.d. standard Brownian motions Wi, ..., Wy. In particular,

i=1,...,.N
Therefore,
min Yl(N)(t) = min min Xi(N)(t). (7.14)
0<t<T 1<i<N 0<t<T

We can rewrite ([7.13)) as

t t
Xi(N)(t) =i +/ Br.i(s)ds +/ pri(s)ds,
0 0

where N
Bn,i(t) = Z 1(Xi(N) has rank k at time t)gy,

k=1

N
pni(t) = Z 1(XZ-(N) has rank k at time t)oy.

B
Il

1

Because of (7.8]), we get:

Buni(t) =7, |pni(t) <7, t>0.

Q|

Therefore,
N t
Xi( )(t) >y, + g7 + My i(t), where My,(t) = / pni(8)dWi(s)
0
is a continuous square-integrable martingale with quadratic variation
t
(Mpi)e = / p?w(s)ds <3FT, tc[0,T).
0

Let us make a time-change: for some standard Brownian motion B; = (B;(s),s > 0), we

have:

My i(t) = B; ((Mni)e) -

So

. N (1) > 0 1 (7 R
qmin X;7(8) 2 yi + (97)- + ot Bi(s).
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Therefore,

P <min xM) < —u) <P ( min  B;(t) < —u —1y; — (gT)_)

0<t<T 0<t<e2T

=P <0<m<a>§T§i(t) >u+y; + (§T)) = 2P (By(c’T) > u+y; + (g7)-)
<t<z7

o <U+y;$T(§T)—).

From ([7.14)), we have:
P | min Y( ZP min X( )( ) < —u <22\IJ utyit (97)- .
o<t<T  * 0<t<T oT

Since the sequence of real numbers (?iN) (t))n>2 is nonincreasing for every ¢ > 0, using

Lemma [7.7.1] we have:

P (min 7§N)(t) < —u) = lim P (min 7§N)(t) < —u)

0<t<T

N fe's)
4 (aT)_ 4 (aT)_
< lm 2 m(““’lﬂg ) ):2§ qf(“+y’+(g ) )<oo.
=1 3

N—oo Eﬁ

Let uw — oco. Then

+(g7)- +u yi + (@) +u
JT —>oo,\If< T >—>0.

Applying Lebesgue dominated convergence theorem to this series (and using the fact that W

is decreasing), we get:

Z\I/(u+y’\/_gT)_> —0 as u— oo.

This completes the proof of Lemma [7.3.2]
Proof of Lemma [7.3.3] Applying Corollary (which corresponds to [I00, Corollary

3.9]) again, we have:

N N M M
Lig by @) = Ly (5) S LG () = L,y (s), 0<s<t 1<k<N<M; (7.15)
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Note that y, = Yk(N)(O), N > k, does not depend on N, by construction of the system. So
YINV(t) = g1 + it + 01 Bi(t) — gy L (1),

Since Y (t) — Yi(t) and ¢; > 0: the sequence (LEB)(t))NEQ has a limit L9 (t) =
N)

limy_eo LE ( ) for every ¢ > 0. Letting M — oo in (7.15)), we get: L 2)(t) — L1,2)(s) >
Lg\g) (t) — LE )(s), for 0 < s < t. Rewrite this as
N N
Loy () = Lty (8) = Laay(s) = Lt (s). (7.16)
But we also have: (LE1 ;)( ))n>2 is nondecreasing. Therefore,
N
Li12)(5) = Liz)(s) > 0. (7.17)
In addition,
Ly (1) = Laay(t) as N — oc. (7.18)

Combining ([7.16)), (7.17), (7.18)), we get: Lglg)( ) = La2)(s), as N — oo, uniformly on

every [0, t]. Therefore, letting N — oo in ([7.9)), we get:
Yi(t) =y + it + o1 Bi(t) —qp Lag(t), t>0,

and YI(N)(S) — Y1 (s) uniformly on every [0, ¢]. Since Y ) and L ) are continuous for every
N > 2, and the uniform limit of continuous functions is continuous, we conclude that the

functions Y7 and L 2y are also continuous. Now,
Yo (t) = ys + gat + 02 Ba(t) + g LYy (£) — g3 LG (£), > 0.

But
YV () = Ya(t) and LU () = Lag(t) as N = oc.

Since g5 > 0, we have: there exists a limit L 3)(t) := hm L(23 (t). Similarly to LEJI\% —
L1,2), we prove that this convergence is uniform on every [O, t]. So Y2(N) — Yy as N — o0

uniformly on every [0,¢]. Thus Y5 and Ly 3) are continuous.
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Analogously, we can prove that for every k& > 1, the limits

Likes1)(t) = ]\}I_I}%o L(k l)c+1)(t) and Yi(t) = ]\}1_{20}/( )( t)

exist and are uniform on every [0, 7. This completes the proof of Lemma [7.3.3] and with it
the proof of Theorem [7.3.1 O

Let us now prove some additional properties of this newly constructed approximative
version of an infinite system of competing Brownian particles. These are analogous to the
properties of an infinite classical system of competing Brownian particles, stated in Propo-

sition [7.2.4] above.

Lemma 7.3.4. For an approximative version of an infinite ranked system from Theorem
we have:

(i) for every y € R and T > 0, a.s. there are only finitely many k > 1 such that

min Y (t) < y;

0<i<T
(i) for everyt > 0, we have:
o0
Ze_o‘y ® < 00 for every a > 0.
k=1

Proof. Step 1. First, consider the case ¢ > 1/2 for all n > 1.
(i) It suffices to show that

ZP(mm Yi( )<u> < 00,
0<t<T
and then apply the Borel-Cantelli lemma. But for every £ > 1, we have:

Yi(t) = lim YN (), (7.19)

N—o0

uniformly on [0, 7]. Therefore,

. (N
P (0r<nt1<nTYk(t) ) = hmooP (012‘/1<11TY '(t) < u) . (7.20)
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We claim that the following estimate is true:

-ty —u
<
P(OI21<IITY <u> 22\1/( e ) (7.21)

Assuming that we proved (7.21)), let us complete the proof. Letting N — oo and us-

ing (7.20), we get:

- ~_ty;—u
< .
(CTIECE

Now, let K := max{k | ming s Yz < u}. Then

_ -ty —u
P(KZk)_P(O%ngYk <u)<22‘11< 7 >%0

as k — oo. Therefore, K < oo a.s., which is equivalent to (i).

Now, let us show ([7.21]). It suffices to show that

( -tyi—u
P(0I<I}:1<HTY’“ <u><22\lf( T ),

because of ([7.10). Now, consider another ranked system

Y = (Y),...,Y%)

of N —k+ 1 competing Brownian particles, with drift coefficients (g, )r<n<n, diffusion coeffi-
cients (02)r<n<n, and symmetric collisions, so the parameters of collisions are g = 1/2, k <
n < N, with driving Brownian motions By, ..., By (where By, ..., By are driving Brownian

motions for Y™))  starting from (yg,...,yn). Then by Remark |8 from Chapter 4 we have:

Y!(t)<Y;(t), j=k,...,N, t>0.

J

So it suffices to show that

P <0r<ntl<nTYk( ) < u) < 2§:\IJ (@T)‘E%j — u) ,
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but this is done in the same way as in the proof of Theorem [7.2.1] This completes the proof

of @20,

(ii) For every k = 1,2, ... and every o > 0, we have:
k k 2 k — 2
Cay? : —afy®™ . —a[7{™
Z aw:]&%;e o[ gngnmz;e o5
j= j= j=

where we use the notation from the proof of Theorem [7.3.1L The latter limit for differ-
ent N forms a sequence of real numbers which is nondecreasing, because (YE»N) (t))n>; is

nonincreasing. In the proof of Lemma [7.3.2, we showed that for any 7" > 0, and i = 1,2, ...

Y7y > min Y™N@) > 4 + (1) _ in B,
2 )_OI;;HTZ (t) >y + (g7) +0§rp§1;12T i(t),

where By, By, . .. are standard Brownian motions. In the proof of Lemma (i), see ([7.7)),

we showed that for all but finitely many ¢ > 1,

_ 1
vi+ (@7)- + min B;(t) > =y + (97)_.
0<t<a2T 2

By Lemma [7.7.0] for all a > 0,

Z e~((1/2yit @) — 0 < o0,

i=ig
and this constant C' depends only on T, o, ip and (y;);>1. (It is, however, random, because
ip is random.) Therefore, for all k& > i,

k

Z e~ Y7 ®) <C.

Jj=to
Let k — oo and complete the proof of (ii).

Step 2. Now, let us prove (i) and (ii) for the general case. We still have ([7.19)). Recall

the definition of a finite ranked system

- ~ (N ~ (N
Y(N) - (Yn(oJr)D""Y]gf ))
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of competing Brownian particles from the proof of Theorem [7.3.1] Step 3. In Theorem [7.3.1]

we prove that for every k > ng, as N — oo, uniformly on [0, 7] we have:
V() = Vi),

where Y = (Y} )ksn, is an infinite ranked system of competing Brownian particles with
parameters (n)nsngs (02)nsngs (G )nsne- But ¢ > 1/2 for all n > ny, and therefore the
system Y satisfies the statements (i) and (ii) of Lemma . Letting N — oo in (7.12), we
get:

Yi(t) > Yi(t), t€[0,T], no<k<N.

Therefore, the system (Y} )r>1 also satisfies the statements (i) and (ii) of Lemma[7.3.4 O
Let us also state another useful lemma; the proof is postponed until Section 7.6.

Lemma 7.3.5. Consider the infinite system from Theorem [7.3.1. Then for everyt > 0 a.s.
the vector Y (t) = (Yi(t))k>1 has no ties.

We developed comparison techniques for finite systems of competing Brownian particles
in Chapter 4. These techniques also work for infinite ranked systems, provided we take their
approximative versions. By taking limits as the number n of particles goes to infinity, we can
formulate the same comparison results for these two infinite systems. Let us give an example.
The proof trivially follows from Corollary from Chapter 4 (which corresponds to [100),
Corollary 3.11]) and is therefore omitted.

Corollary 7.3.6. Take two approzimative versions Y and Y of an infinite system of com-

peting Brownian particles with parameters

(9n)n>1, (Ug)an (ﬁ)nzm

with the same driving Brownian motions. Let Z and Z be the corresponding gap processes.
Then:

(i) If Y(0) < Y(0), then Y(t) <Y (t), t > 0.

(ii) If Z(0) < Z(0), then Z(t) < Z(t), t > 0.
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The next corollary is a counterpart of Corollary [4.3.12] from Chapter 4 (which is also
mentioned as [100, Corollary 3.13]).

Corollary 7.3.7. Take two approzimative versions Y and Y of an infinite system of com-

peting Brownian particles with parameters

(gn)nZM (Ug)nZM (Q;Lt)TLZl?

and
(gn)an (Ui)nzl, (Qi:)nZla

with the same driving Brownian motions, starting from the same initial conditions. Let Z
and Z be the corresponding gap processes. Then:

(i) If gn <G, n=1,2,..., then Y (t) <Y(t), t > 0;

(i) If Gui1 — Gn < Gns1 — Gn> n = 1,2,..., then Z(t) < Z(t), t > 0.

Remark 23. If, in each of these two corollaries, we remove the requirement that the two
systems have the same driving Brownian motions, then we have stochastic ordering instead
of pathwise ordering. The same applies to Corollary if we change a.s. comparison
Y(0) <Y(0) (Z(0) < Z(0), respectively) to stochastic comparison of these initial conditions.

7.8.2  Approximative version of an infinite classical system

Now, consider infinite classical systems of competing Brownian particles. If you rank the
named particles in it, then, as shown in Proposition [7.2.4] we get an infinite ranked system
Y = (Y,.)n>1 of competing Brownian particles in the sense of Definition , with ¢ = 1/2,
n = 1,2,... We learned how to construct infinite ranked systems from Theorem [7.3.1} by
approximating them with finite systems. We know from [I05] and [59] that infinite classical
systems X = (X,,),>1 can also be constructed, for the case when the sequences (g, ),>1 and
(02),>1 stabilize starting from some ng. In this case, these classical systems exist and are

unique in the weak sense.
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In this section, we prove weak existence (but not uniqueness) of an infinite classical system
in a more general case: when the sequences (g, ),>1 and (02),>; are bounded. We construct
an approximative version of such system, just like we did above for an infinite ranked system.
We also show that if we rank the approximative version of an infinite classical system, we get
the approximative version of an infinite ranked system. In particular, the infinite systems
constructed in Proposition (for which weak existence and uniqueness hold) from [105]
and [59] turn out to be approximative versions. In particular, the infinite Atlas model is an

approximative version.

In the next section, we get some results for approximative versions of infinite ranked
systems. This connection allows us to apply these results to infinite classical systems; in
particular, the ones constructed in Proposition [7.2.1} This is how we get Theorem from
Chapter 1.

We were able to prove that the answer is affirmative, if (g,),>1 is bounded. This allows us
to apply later results about stationary distributions and convergence (proved using the same
approximation techniques), to classical systems X as well as ranked systems Y, provided

that the collisions are symmetric: ¢ =1/2, n=1,2,...

To put this another way: It is known that infinite classical systems exist and are unique in
the weak sense. If you rank named particles in this system, you get an infinite ranked system.
At the same time, we have constructed approximative versions of infinite ranked systems, and
we can use comparison techniques for them. The following theorem tells that the infinite
ranked system emerging from the classical innfinite system is in fact the approximative
version. So we can apply the whole range of comparison techniques and the results of this

chapter to infinite classical systems. The proof can be found in Section 7.6.

Theorem 7.3.8. Fiz parameters (gn)n>1 and (62),>1 such that

sup |g,| < 00 and supo’ < oo.
n>1 n>1
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Fiz a rankable initial condition x € R*°, such that
o
2
Ze’a’”n < oo forall a>0.
n=1

Consider a copy XN = (XM (), > 0) of a classical system of N competing Brownian
particles with drift coefficients (gn)1<n<n and diffusion coefficients (02)1<n<n, which starts

from XMN)(0) = [x]n. Let Y™ be the corresponding ranked system. Then
XM= X, as N — oo, (7.22)

for every k > 1, in the topology of C[0,T] for every T' > 0, where X = (Xy)g>1 turns out to
be a infinite classical system of competing Brownian particles with parameters (g, )n>1 and

(02)n>1. Moreover, let YN) be the ranked system X™). Then
Y,fN) =Y, as N — oo, (7.23)

for every k > 1, in the topology of C[0,T] for every T > 0, where (Yy)r>1 is the ranked

system (Xy)g>1-
7.4 The Gap Process: Stationary Distributions and Weak Convergence

In this section, we prove Theorem and similar results for general infinite systems of
competing Brownian particles. First, we construct a stationary distribution 7 for the gap
process Z = (Z(t),t > 0) of such system. Then we prove that: (i) any weak limit point
of the gap process Z(t) as t — oo is stochastically dominated by 7, and (ii) if the initial
gaps Z(0) are stochastically larger than 7, then Z(t) = 7 as t — oo (if only we consider an

approximative version of the system).

7.4.1 Stationary Distributions.

Consider again an infinite system Y of competing Brownian particles with parameters (g, )n>1,

(02)p>1, (G5 )n>1. Let Z be its gap process.
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Definition 34. Let m be a probability measure on R. We say that 7 is a stationary
distribution for the gap process for the system above if there exists a version Y of this

system such that for every ¢ > 0, we have: Z(t) «~ 7.

Let us emphasize that in this chapter, we do not study uniqueness and Markov property.
We simply construct a copy of the system with required properties.

We already know from [89] that

T = (X E(2)

is a stationary distribution for the gap process of the infinite Atlas model:

gp=1L0p=9g5=...=0, op=0,=... =1, qli:qétz...:%.
Here, we find stationary distributions for other infinite systems of competing Brownian par-
ticles and prove convergence results for them. In addition, we show how to prove the main
result of [89] in an arguably more natural way.

Consider, for each N > 2, the ranked system of N competing Brownian particles with
parameters (g,)1<n<n; (02)1<n<n; (¢ )1<n<n. Assume that these parameters are such that

for N > Ny the gap process has a stationary distribution. According to Proposition [3.5.1],

this is the case when

where _ -
1 —qg O 0
- 1 —q 0
RM=1|¢9 - ¢ 1 0
0 0 0 1

is an (N — 1) x (N — 1) matrix, and

!/

M(N) = (92 — 91,93 — 92,---,gN — gN—l)
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Let By, B, ... be i.i.d. standard Brownian motions. Let 7(™) be the stationary distribution
on RY ™! Let 2™« 7™ be an Fy-measurable random variable and consider the system v
of N ranked competing Brownian particles with parameters (g, )1<n<n, (02)1<n<n, (¢X)1<n<n,

starting from (0, Z(N), cee z%N) +...+ ZN 1) driven by By, ..., By.
Lemma 7.4.1. [7(NFD]y_; < 7V,

Proof. Take a system Y™ of N competing Browman particles with the same parameters

(N

and the same driving Brownian motions as Y ', but starting from (0,...,0) € RY. Take

(N+1)

another system Y of N + 1 competing Brownian particles with parameters

(gn)rznen+t: (O )1<nen+t, () 1<nen+1s

and driving Brownian motions By, ..., Byy1, starting from (0,0,...,0) € RY¥*L Then by
Corollary m 4.3.8| from Chapter 4, which corresponds to [100, Corollary 3.9], the corresponding
gap processes ZN) and ZVH) gatisfy

ZM @) > [ZV D () y_y, t>0.

But
Z(N)(t) = 7, Z<N+1)(t) = 7Vt 0.
So [rNFD] vy < 7). O
Without loss of generality, by changing the probability space we can take z(") « 7(N) such
that a.s. [zVFV]y_; < 2 for N > Ny. In other words, ZI(€N+1) < z,(fN), k=1,...,N —1.

Since all z,gN) are always nonnegative, there exists

2z = lim z,(CN), k>1.

N—oo
Denote by 7 the distribution of (21, 2,...) on RY. Then 7 becomes a prospective stationary
distribution for the gap process for the infinite system of competing Brownian particles.

Equivalently, we can define 7 as follows: for every N > 1, let

7™My = pWNV M = oo
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(N)

These finite-dimensional distributions p'*"/ are consistent:

(N+1)]N71 — M N>

[

So by Kolmogorov’s theorem there exists a unique distribution 7 on R such that [7|y_; =
pM) for all N > 1.

The next lemma allows us to rewrite the condition in terms of the gap process. The
proof is postponed until Section 7.5 (Appendix).

Lemma 7.4.2. For a sequence y = (Yn)n>1 € R> such that y, < ypy1, n > 1, let z =
(2n)n>1 € R be defined by z, = Yni1 — Yn, n > 1. Then y satisfies (7.1)) if and only if =
satisfies

Zexp (—a(z1+ ...+ 2,)%) <oo forall o> 0. (7.24)
n=1

Now, let us state one of the two main results of this section.

Theorem 7.4.3. Consider an infinite system of competing Brownian particles with param-

eters
(gn)nzh (0721)”217 (qs)n21

Assume

(RN <0, N > Np.

Suppose that
Tllgfl Jn > —00, ili}:l) o2 < 00,
and for some ng > 1 we have:
@ > =, n>n.

N | —

Assume that for N > Ny we have: [R™M]~1u™N) < 0, so that we construct the distribution .
Assume, in addition, that mw-a.s. (7.24). Then we can construct an approrimative version of

the infinite system of competing Brownian particles with parameters

(9n)n>1, (02),121, (Qf)nzm
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such that 7 is a stationary distribution for the gap process.

Remark 24. For finite systems of ranked competing Brownian particles, if a stationary dis-
tribution for the gap process exists, it is unique. This was already mentioned in Section 3.5.

For infinite system, we do not know whether this is true.
Proof. Step 1. Using the notation of Theorem [7.3.1 we have:
Y™ 5v,, N = oo,

for every k > 1, uniformly on every [0,T]. Now, let
_ S _ /
v — (YiN),...,Y%V))

be the ranked system of N competing Brownian particles, which has the same parameters

/
and driving Brownian motions as YN = (YI(N), e ,Y]SN)) , but starts from (0, z%N), z%N) +

zéN), . ,sz)—l—zéN)—i—. : .—i—z](vj\i)l)ﬂ rather than (0, 21,21+ 22,...,21+22+...+2ny_1)". In other

words, the gap process 7™ of the system ™ is in its stationary regime: A (t) v ),

t > 0. It suffices to show that a.s., as N — oo, for all t > 0 and k£ > 1, we have:

Yi(t) = lim YN (). (7.25)

N—oo

Indeed, assuming that we have already shown this, the proof can be quickly finished, as

follows: for every t > 0 and k =1,2,..., a.s.

—(N —(N —(N
70 =Y ) = V() = Zu(t) = Y () — Yi(t), N — oo

Therefore, for every t > 0 and N > 2, a.s. we have:
(M)

(7). ,ZH(t))' S (Za()s e Ina(t)) M = oo,

But
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for M > 2 and t > 0, and
[Ty = [w]yoa

So for N > 2, t > 0 we have:
(Z1(t), ..., Zn_1(1))  [7T]n-1.
Thus, for Z(t) := (Z(t), Z2(1),...), we have:
Z(t)w~m, t>0.
Step 2. Let us prove . First, since z; < ng), vy 2N < z](\,]\i)l, we have:

Y(N)<O) :(O, 21, %1 + 29y ...y 2] + zZo+ ...+ ZN,I)/
<7™0) = (0,2 2 4 MW Iy
By Corollary [4.3.10(i) from Chapter 4, which corresponds to [100, Corollary 3.11(i)],
YNy <y, (), t>0, k=1,...,N. (7.26)

As shown in the proof of Theorem [7.3.1],

YV #) > Yi(t), k=1,...,N, t>0. (7.27)

Combining (7.26)) and (7.27)), we get:

V) <Y ™M), k=1,...,N, t>0. (7.28)

On the other hand, fix ¢ > 0 and N > 2. Then ]Vl[im zlgM) =z, for k=1,....,N —1. So
—00
there exists My(N, ¢) such that for M > My(N,e) we have:

(M) (M

AR S N )§21—|—...—|—zk+e, k=1,...,N —1.

For such M, let Y = (Y3,...,Yy), be another system of N competing Brownian parti-

cles, with the same parameters and driving Brownian motions, as Y™, but starting from
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0, Z(M), 2 + Z(M), . ,Z(M) + M) + ...+ 2Dy . By Corollary 4.3.8, which corresponds
1 1 2 1 2 N-1

to [100, Corollary 3.9],

%) > Y M), k=1,...,N, t>0, (7.29)
since Y is obtained from ?(M) by removing the top M — N particles. However,
Y 41y = +e,. vV +e),

is also a system of N competing Brownian particles, with the same parameters and driving
Brownian motions as YV) but starting from (g,2; +&,...,21 + ... + 2y_1 +¢)". Since
Y™ (0) 4+ & > Y(0), because of (7-4.1)), by Corollary [4.3.10| (i), which corresponds to [100,
Corollary 3.11(i)], we have:

Vo) <YM (@) +e, k=1,...,N, t>0. (7.30)

Combining (7.29) and (7.30), we get: Y/,C )( ) < Y(N)( t)+e fork=1,...,N,and t > 0.
But for every fixed k = 1,2,..., limy_ Y, ( ) = Yi(t). So there exists No(k) > 2 such
that Y,C(NO)(t) < Yi(t) +e. Meanwhile, for M > My(Ny(k), k) we get:

3 (M)

Y4 < Vilt) + 2. (7.31)

We also have from ([7.28]) that
Y1) > v, (7.32)
Combining (7.31)) and ((7.32)), we get (7.25)). O

7.4.2  Stationary distributions in case of skew-symmetry conditions

In this subsection, we apply Theorem to the case of the skew-symmetry condition:

(ql;—l + q’:r+1)0'£ - QI;0-2+1 + QI:rUlth k - 27 37 LN (733)
Then
N-1 9
N N _
m = @Bxp(N), Y = s (CRYY) k=1 N -
1 o+ Okt1
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Note that Nt
[ﬂ-(NJrl)]]\_1 _ ® EXp()‘l(cNH))'
k=1

But we know that

N-1
[7T(N+1)]N,1 < V) — ® EXp()\](CN)).
k=1

But Exp(\) < Exp()\”) is equivalent to A’ > \”. So A;CN) < /\](€N+1)7 fork=1,...,N — 1.
In other words, for every k, the sequence ()\,(ﬁN)) N>k 18 nondecreasing. There exists a limit
(possibly infinite)

A ::J&LH;OA;N% k=1,2,...

Assume that Ay < oo for all k =1,2,.... Then
T = ® Exp(Ag). (7.34)
k=1

If some A\ = 0o, then we can also write ((7.34]), understanding that Exp(co) = dy is the Dirac
point mass at zero. This 7 is a candidate for a stationary distribution. If the condition ([7.24)

is satisfied m-a.s., then it is a stationary distribution. Let us give a sufficient condition

when ([7.24) is satisfied or not satisfied m-a.s. (See Section 7.7 for the proof.)

Lemma 7.4.4. Consider a distribution 7 as in (7.34). Let A, := > ,_ A"
(i) Let B, > 0 be such that > >, ;' < co. If

o0
5 —4 2
ZefaAnﬂx/\n B < 00 for all o> 0,

n=1

then m-a.s. (7.24)) is satisfied. If
Z emoM e L g for some o > 0,
n=1

then it is wrong that m-a.s. (7.24) is satisfied.
(ii) If sup,>; An < 00 then m-a.s. (7.24) is satisfied.
(11i) If Y051 A2 < oo, then m-a.s. (T.24) is satisfied if and only if

o0

Z e < 0o forall a> 0. (7.35)

n=1
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One example was already mentioned earlier:

Too = é EXp(Q)
n=1

is a stationary distribution for the infinite Atlas model, when

N—-1
N —k
) = @) Exp <QT>

for the gap process. (See [89], Example ) Here, for every k =1,2, ...

N —k
/\,(CN):2T—>)\k::2as N — oo.

These A\, kK = 1,2,..., satisfy Lemma (ii). So 7 is indeed a stationary distribution
for the gap process of the infinite Atlas model. This was proved in [89], but the proof here

seems to be a bit more natural.

More generally, assume the collisions are symmetric:

Denote, as before,
1
gk :E(gl_}_—i—gk)? k:1727

Then the skew-symmetry condition takes the form

2 2 _ 2 2 —
O-k+1_0-k_0-k_0-k717 k—2,37

In other words, o} must linearly depend on k. Because of the conditions of Theorem [7.4.3)

we must have: o = 02, k= 1,2,.... In this case, [R™]1y™ < 0 if and only if

§k>§N’ kzl,,N—l
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If this is true for N > Ny, then

Suppose there exists
lim gy =: 7.
nggo gn I
Then
2k

N _ _
Al )—Mk::;(gk—goo%

So

[e.9]

2k . _
=@ (%@ -7.).
k=1
If \i, k=1,2,..., satisfy Lemma [7.4.4] then 7 is a stationary distribution.

Example 11. Consider a model with symmetric collisions, and with drift and diffusion coef-

ficients
h=¢p=...=gu=1, gyr1 =9guio=...=0, oy =09 =...=1.
Then
g, =k, k=1,... M; gk:%, k> M.
S0 Gop = limg0o(M/k) = 0, and
2k, 1 <k < M;

2M, k> M.

Therefore,

m=Exp(2) ® Exp(4) ® ... ® Exp(2M) ® Exp(2M) ® . ..

The parameters A\;, k = 1,2, ..., satisfy Lemma (ii), so the conclusions of this section

are valid.
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7.4.8 Convergence Results

Now, consider questions of convergence of the gap process as t — oo to the stationary
distribution 7 constructed above. Let us outline the facts proved in this subsection (omitting
the required conditions for now).

(i) The family of random variables Z(t),t > 0, is tight in RS® with respect to the metric p
from (which corresponds to componentwise convergence). Any weak limit point of Z(t)
as t — oo is stochastically dominated by 7.

(ii) If we start the approximative version of the infinite system Y with gaps stochastically
larger than 7, then the gap process converges weakly to .

(iii) Any other stationary distribution for the gap process (if it exists) must be stochas-
tically smaller than 7.

These are generalizations of Theorem from Introduction for general infinite ranked
systems of competing Brownian particles in place of the infinite Atlas model. The rest of

this subsection is devoted to the precise statements and proofs of these facts.

Theorem 7.4.5. Consider any version (not necessarily approximative) of the infinite system

of competing Brownian particles with parameters
(Gn)nz1s (TR)nz1s (67 )nz1-
Suppose that for N > Ny, we have:
(RN~ < 0.

(1) Then the family of R -valued random variables Z(t), t > 0 is tight in RS with respect
to the metric p from (which corresponds to componentwise convergence).

(i1) Suppose for some sequence t; 1 0o we have:
Z(t;) = v, as j— oo,

where v is some probability measure on R®. Then v X w: the measure v is stochastically

dominated by .
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(iii) Under conditions of Theorem every stationary distribution @' for the gap pro-

cess is stochastically dominated by w: 7’ < 7.

Remark 25. Let us stress: we do not need Y to be an approximative version of the system,

and we do not need the initial conditions Y (0) = y to satisfy (7.1)).

Proof. (i) It suffices to show that for every k = 1,2,..., the family of real-valued random
variables

Zy, = (Z(t),t > 0)
is tight in R,. Find an N > k such that [R™)]71u®™) < 0. Consider a finite system of N

competing Brownian particles with parameters (g,)i<n<n, (02)i<n<n, (¢F)i<n<ny. Denote

this system by YY) as in the proof of Theorem [7.3.1] Let Z0V) = (ZfN), o Z](VN_)I)’ be the

corresponding gap process. By Proposition(3.5.1} the family of RY ~'-valued random variables
ZW)(t),t > 0, is tight in RY~*. By Corollary and Remark , which correspond to [100,
Corollary 3.9, Remark 7],

ZM() > Z,(t) >0, k=1,...,N—1.

Since the collection of real-valued random variables Z ,gN) (t),t > 0, is tight, then the collection
Zi(t),t > 0, is also tight.
(ii) Fix N > 2. It suffices to show that [v]y_1 < [7]y_1. Since [tT™M]y_; = [7]y_1, as
M — oo, it suffices to show that for M > N, we have: [V|y_; =< [#™)]y_;. Consider the
system
YO = (K(M),...,Y]&M)>/,
which is defined in Definition Let Z() be the corresponding gap process. Then

ZM ) = 7™t - 0.

But by Corollary and Remark |8, which correspond to [100, Corollary 3.9, Remark
7, 2 > Zu(t), k = 1,...,M — 1. So [ZM(t)]y_1 > [Z(t)]y_1, for t > 0. And
[Z(t)]n = [V]n, as j — oo. Thus, [r™)]y = [v]y.

(iii) Follows directly from (i). O
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Theorem 7.4.6. Consider an approximative version Y of the infinite system of competing

Brownian particles with parameters (gn)n>1, (02)n>1, (@5 )n>1. Let Z be the corresponding

gap process. Suppose it satisfies conditions of Theorems [7.4.3| and [7.4.5], so that we can

construct the distribution w. If Z(0) = m, then
Z(t)=m7, t— 0.

Proof. Let us show that for each ¢ > 0 we have: Z(t) = m. (Together with the results of
Theorem m this completes the proof.) Consider another system Y: an approximative
version of the system with the gap process Z having stationary distribution 7. Then Z(0) =
Z(0) v~ m. By Corollary m (ii) above, Z(t) = Z(t) « 7, t > 0. O

7.5 'Triple Collisions for Infinite Systems

Let us define triple and simultaneous collisions for an infinite ranked system Y = (Y,,),,>1 of

competing Brownian particles.

Definition 35. We say that a triple collision between particles Yy_1, Y and Yy, occurs at
time t > 0 if
Vit (t) = Ya(t) = Y (1),

We say that a simultaneous collision occurs at time ¢t > 0 if for some 1 < k < [, we have:
Yi(t) = Y1 (t) and Yi(t) = Yia (1)

A triple collision is a particular case of a simultaneous collision. For finite systems of
competing Brownian particles (both classical and ranked), the question of a.s. absence of
triple collisions was studied in [58], [59], [71]. A necessary and sufficient condition for a.s.
absence of any triple collisions was found in Chapter 5; see also Chapter 6 for related work.
This condition is also happens to be sufficient for a.s. absence of any simultaneous collisions.
In general, triple collisions are undesirable, because strong existence and pathwise uniqueness

for classical systems of competing Brownian particles was shown in [59] only up to the first
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moment of a triple collision. Some results about triple collisions for infinite classical systems
were obtained in the paper [59]. Here, we strengthen them a bit and also prove results for
asymmetric collisions.

It turns out that the same necessary and sufficient condition works for infinite systems

as well as for finite systems.

Theorem 7.5.1. Consider the approrimative version of an infinite ranked system of com-

peting Brownian particles Y = (Y,,)n>1 with parameters

(gn)nzh (Uz)nzh (Qf)nzl-

Suppose the conditions of Theorem hold true.
(i) Assume that

Gy + Gfr)0k = G Oy + G ohy, k=2,3,... (7.36)

Then a.s. for anyt > 0 there are no triple and no simultaneous collisions at time t.
(ii) If the condition (7.36)) is violated for some k = 2,3, ..., then with positive probability
there exists a moment t > 0 such that there is a triple collision between particles with ranks

k—1, k, and k+ 1 at time t.

Proof. The proof resembles that of Lemma [7.3.5| and uses Lemma [7.3.4]

(i) Suppose
D={3t>0: Jk<l: Yi(t) = Yer1(t), Yi(t) = Yi1(D)}.
Also, let
DkJ = {Ht >0: Yk(t) = Yk+1(t), YZ(t) = Yi_;,_l(t)}.

Then

D =Dy

k<l
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Suppose w € Dy, and take the ¢t = t(w) > 0 such that Y, (t) = Yi11(¢), and Y(t) = Y11 (2).
There exists an m > [ such that Y;(t) = Yj11(t) = ... = Y,,(t), because otherwise we have a

contradiction with Lemma (i). Then there exist rational ¢_, ¢, such that
t€lqg_,qs], and Y, (s) < Ynii(s) for s € [q_,q.].
Therefore, Ly, m41)(t) = const on [g—, ¢4, and, as in Lemma ,
(Mi(s+q-),- -, Yimls+¢)),0<s < qy —q)

is a ranked system of m competing Brownian particles with drift coefficients (gx)1<g<m, diffu-
sion coefficients (62)1<x<m, and parameters of collision (¢;)1<p<,,. This system experiences a
simultaneous collision at time s =t —q_ € (0,¢q+ —¢_). By the Theorem from Chapter
5, this event has probability zero. Let us write this formally. Let

Dt arm = {3 € (0104) : Yilt) = Yea(8), Yilt) = ... = Yinlt) < Yina (0),

and Y, (s) < Ypii1(s) for s € (q-,q4)}

Then

D = U Dk,l = U Dk,l,q_,q+,m7

k<l
where the latter union is taken over all positive integers k < | < m and positive rational

numbers ¢_ < ¢,. This union is countable, and by Theorem from Chapter 5, which
corresponds to [103, Theorem 1.2], P(Dy;q q,.m) = 0, for each choice of k,l,m,q_,q;.
Therefore, P(D) = 0, which completes the proof of (i).

(ii) Let By, By, ... be the driving Brownian motions of the system Y. Consider the ranked

system of three competing Brownian particles:
— — = = /
Y = (kala Yk7 Yk:Jrl) )

with drift coefficients gi_1, gr, grt+1, diffusion coefficients o7_;,0%,0%,, and parameters of

collision qki_l, q,f, q,irl, with driving Brownian motions Bj_1, By, Bri1, starting from

(Yi1(0), Y3(0), Y311 (0))".
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Let (Zy_1, Z)' be the corresponding gap process. Then by By Corollary and Remark ,
which correspond to [I00, Corollary 3.10, Remark 7], we get:

Zpa(t) < Zpa(t), Zp(t) < Zi(t), t>0.

But by Theorem from Chapter 5, see also [103, Theorem 2|, with positive probability
there exists ¢ > 0 such that Y,_1(t) = Y,(t) = Yis1(t). So Zp_1(t) = Z,(t) = 0. Therefore,
with positive probability there exists t > 0 such that Z,_1(t) = Zx(t) = 0, or, in other words,
Yio1(t) = Yi(t) = Yia1(2). O

An interesting corollary of Theorem from Chapter 5 for finite systems is that if
there are a.s. no triple collisions, there there are also a.s. no simultaneous collisions. This is

also true for infinite systems constructed in Theorem [7.3.1]

Remark 26. For symmetric collisions: ¢& = 1/2, n = 1,2,..., this result takes the following
form. There are a.s. no triple collisions if and only if the sequence (03);>; is concave. In

this case, there are also a.s. no simultaneous collisions. If for some k > 1 we have:
2 L, 2
Tht1 < 5 (0% + 0itsa) s

then with positive probability there exists ¢ > 0 such that Yi(t) = Yiy1(t) = Yiya(t).

Remark 27. Let us restate the main result of [59]: for a infinite classical systems of competing
Brownian particles which satisfies conditions of Theorem [7.2.1], there exists a unique strong
version up to the first triple collision. In particular, if the sequence of diffusion coefficients

(02)k>1 is concave, then there exists a unique strong solution on the infinite time horizon.

Remark 28. Partial results of [59] for infinite classical systems of competing Brownian par-
ticles are worth mentioning: if there are a.s. no triple collisions, then (¢3);>; is concave; if
the sequence (0,0%,03,...) is concave, then there are a.s. no triple collisions. In particular,
it was already shown in [59] that the infinite Atlas model, with oy =09 = ... =1, a.s. does

not have triple collisions.
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7.6 Proofs of Some Statements from Chapter 7

7.6.1 Proof of Theorem[7.3.§|

The statement ((7.23)) follows from Theorem immediately: the only difference is that we
do not have the same driving standard Brownian motions for all YWN) N > 2. So instead
of a.s. convergence we have weak convergence. Now, let us show ([7.22). Let piN) be the

ranking permutation for the vector X (¢) € RY. Then for 1 < i < N we have:

t t
X000 =it [ Brao)ds+ [ pillWilo). ez 0 (7.37)
0 0
where Wi 1,..., Wy n are i.i.d. standard Brownian motions,
N N
Bra(t) =Y 1p™M (k) = i)ge, and pxi(s) =Y 1pi™ (k) = i)oy.
k=1 k=1
Note that
) < -7
[Bra()] < max |gi| = 7,
and

‘pN,i(t)‘ < I?zaf( oL =:0.

Fix T > 0. It follows from the Arzela-Ascoli criterion and Lemma that the se-
quence (XZ»(N)) ~N>; is tight in C[0,T]. Every subsequence has a convergent sub-subsequence
(Xi(N’”))mZI. The same is true for the following sequence of C' ([0, T], R%)-valued random

elements, for each k£ > 1:
(XM YN Waai=1,.. . k) sk (7.38)

By the diagonal argument, for every subsequence (N,,)n>1 there exists a sub-subsequence

(N} )m>1 such that for every k > 1, the following subsequence of (|7.38])

(X(ern)’ Y(qun)v Wqun,iai = 17 R k)le

K3 (3
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converges weakly in C' ([0, T, R3k). By Skorohod theorem, we can assume that the conver-

gence is, in fact, a.s. Let

X; = lim Xi(]\[’/”)7 Y; ;= lim Y;(N’/"), Wi = lim Wy ;, 12>1
m—0o0 m—00 m—0o0

be the a.s. uniform limit on [0,7]. Then Y = (Y;);>1 is an approximative version of the
infinite system of competing Brownian particles with parameters (g,)n>1, (02)n>1, (& =
1/2)p>1. And W; are ii.d. standard Brownian motions. It suffices to show that X is a
version of the infinite classical system. Then, because the subsequence (N, ),>1 is arbitrary,

and because of the tightness established above, the proof will be completed.

Lemma 7.6.1. For almost every t > 0, as m — 0o, we have a.s. for all© > 1:

5N;n,z‘( ) — Bi(t) Zl (1) gk, and PN, i t) — pi(t Zl Xi(t))o.
k=1 k=1

Proof. Let us prove the first convergence statement; the second statement is proved similarly.

By Lemma [7.3.5] and [3.5.3] the set A of times ¢ € [0, 7] when the system Y or a system

Y Vi) for some m > 1 has a tie has Lebesgue measure zero. Fix € > 0 and let &/ O A be an
open cover of N in [0, T] with Lebesgue measure less than e.

Claim: Fix ¢ > 1. Then there exists a (random) mg such that for m > mg, we have: for

all k> 1,
{te 0. T\U|Xi(t) = Yi()} € {t € 0,7\ U | X (1) =™ @)}
Assuming we proved this claim, let us finish the proof of Lemma [7.6.1] Indeed, we have:
Bnr i(t) = Bi(t) and pnr () = pi(t), t€[0,T]\U, m >my.
This proves that

Bz, i(t) — Bi(t) and pyz i(t) — pi(t) for t € [0,T]\U as m — oo.
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Since the set U (which is random) can be taken with arbitrarily small Lebesgue measure,
this proves Lemma [7.6.1]

Now, let us prove this claim. Assume the converse. Then there exists a sequence (¢;);>1
in [0,7] C U and a sequence (m;);> such that m; — oo and

(N3,) (%))
Xi(t;) =Yalty), X; 7 () #Y, 7 (t)

(V)

Therefore, the particle with name 7 in the system X has rank other than k: either larger

than k, in which case we have:

(Ninj) (N )
Xi t) 2 Y (), (7.39)
or smaller than k., in which case
(Nin ;) (Nin )
X; () <Y () (7.40)

By the pigeonhole principle, at least one of these inequalities is true for infinitely many j.
Without loss of generality, we can assume that holds for infinitely many j > 1; the
case when holds for infinitely many j > 1 is similar. Again, without loss of generality
we can assume holds for all j > 1. There exists a convergent subsequence of (t;);>1,

because [0, 7] is compact. Without loss of generality, we can assume t; — ¢,. Since

(N%,) (N%,)
X, (#) = Xi(t) and Yy, () = Yiga(t)

7

uniformly on [0, 7], we have after letting j — oo:
Xi(to) > Yiqa(to).
But we can also let j — oo in X;(;) = Yi(¢;). We get:
X;(to) = Yi(to).

Thus, Yii1(to) < Yi(to). The reverse inequality always holds true. Therefore, there is a tie
at the point to. But the set [0, T]\U is closed, so ty € [0,T]\U. This contradiction completes

the proof of the claim above, and with it Lemma [7.6.1] n
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Now, let us return to the proof of Theorem [7.3.8 Fix ¢ € [0,7]. Apply Lemma to
show that in L*(Q2, F,P), we have:

t
0
Also, by Lebesgue dominated convergence theorem we have a.s.
t t
[ ratas > [ s (742
0 0
Finally, we have a.s.
N’ t t
XN () = 2, + / By a(s)ds + / oy o(5)AW, 4 (s) = Xi(2). (7.43)
0 0
From ([7.43) and ([7.42)) we have that
t t
/ oy i(8)dWnr i(s) = Xi(t) — o — / Bi(s)ds. (7.44)
0 0

But if a sequence of random variables converges to one limit in L? and to another limit a.s.,

then there limits coincide a.s. Comparing ([7.41]) and ( - we get:

X0 =i+ [ Ao)ds + / pi(5)dWi(s),

which is another way to write the SDE governing the infinite classical system.

7.6.2  Proof of Lemma
Let D = {Y(¢) has a tie}. Assume w € D, that is, the vector Y has a tie:
Yi1(t) < Yi(t) = Y1 (t) = ... = Y(t) < Yia(2). (7.45)

This tie cannot contain infinitely many particles, because this would contradict Lemma|7.3.4]
Fix a rational ¢ € (Y;(t), Yi41(¢)). By continuity of Y; and Y},4, there exists M > 1 such that
for s € [t —1/M,t+ 1/M] we have: Yj(s) < g < Y11(s). Let

C(k, 1 g, M) ={Yk_1<t> <Vilt) = Veur(t) = .. = Yi(t) < Vint),
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1 1
and Y(s) < ¢ <Yi(s) forall se {t—— t—i——]}.

We just proved that

P (D\ G Uyc1,q M)) = 0. (7.46)

M=1qeQk<l

Now let us show that for every k,I[, M = 1,2,... with £ < [ and for every q € Q, we have:
P(DNC(k,l,q,M))=0. (7.47)

Since the union in ([7.46) is countable, this completes the proof. If the event C(k,I, q, M)
happened, then we have: ([Y(u+t—1/M)],0 <wu < 1/M) behaves as a system of | ranked

competing Brownian particles with parameters

(gn)r<n<t, (O2)1<n<t, (G5 )1<nsi-

By Lemma , the probability of a tie at ¢t = 1/M is zero, which proves .
7.6.3  Proof of Lemma|[7.4.2]
We can rewrite the condition from in an equivalent form:
iexp (—a(yn — 1)) < oo forall a> 0. (7.48)
Let us show that for a nondecreasing sequence y, this is equivalent to

Zexp —ayy) < oo forall o> 0. (7.49)

Indeed, a(y, — y1)2 < 204y,2L + 2a?, so (7.49) follows from (7.48). Conversely, ay? < 2ay? +

20(yn — y1)?, S0 follows from ([7.49).
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7.6.4  Proof of Lemma[7.4.4].

(i) Use the Strong Law of Large Numbers, [I10, Theorem 1.4.8] for independent z,
E(A\n), n > 1. Using that Var z, = A%, we have:

Var z,
Z ﬁn)\n2 Z_ < 0.
For S, :=z14+ ...+ z,, n > 1, we have: ES,, = A,,, and a.s.

S, A,
Cn:ﬁn—)\gQ—)O

Therefore, the sequence (¢,),>1 is a.s. bounded: |¢,| < ¢, where ¢ is random but finite. But
S, = A, + BN 2, n > 1. Therefore, A2 — 28204 < 52 < A2 + 2324 The rest is
trivial.

(i) Let 2, = M Al 2~ E(X), A =sup,s; Ap. We have: z+...+2, > 2{+...+2,. By
the Law of Large Numbers, 2 + ...+ 2z, = nx_l(l +0(1)) as n — oco. Therefore,

(3] oo 0o
§ e ¢ (21+-t2n)? § e (214 +2p)? E e~ (1+o(1 < 0.
n=1 n=1 n=1

(iii) Recall that Var z, = 1/(2\?). By [110, Theorem 1.4.1], we have: S, — A,, is bounded.

The rest is trivial.
7.7 Appendix: Technical Lemmata

Lemma 7.7.1. Assume that (y,)n>1 s a sequence of real numbers such that

2
Yn — 00 and Ze YWn < oo for a>N0.

n=1

Then for every v € R and 8 > 0 we have:

i\ll (yn;U) < 00.
n=1
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Proof. By [24, Chapter 7, Lemma 2|, we have for v > 1:

6—7.)2/2 <

—v2/2

1
U(v) <
2mv

e
\ 27

But x,, = oo as n — 0o, and so there exists ng such that for n > ng we have:

Yn +v
B

> 1.

Therefore, for n > ng, we have:

n 1 1
v("5) < e (Camtn o).

Using an elementary inequality (c + d)? > ¢?/2 — d? for all ¢,d € R, we get:

1 2 2 1 2
—(y, > g2

Thus,

]

Lemma 7.7.2. Take a sequence (M,)n,>1 of continuous local martingales on [0, T, such that

M, (0) =0, and (M,); is differentiable for all n, and

d(M,,
SEP%:C<OO.

Then (My)n>1 is tight in C[0,T].

Proof. Use [73, Chapter 2, Problem 4.11] (with obvious adjustments, because the statement
in this problem is for R, instead of [0,77]). We need only to show that

sup E(M,(t) — M,(s))* < Cy(t — s)? (7.50)
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for all 0 < s <t < T and for some constant Cy, depending only on C' and 7. By the
Burkholder-Davis-Gundy inequality, see [73 Chapter 3, Theorem 3.28|, for some absolute

constant C;y > 0 we have:
E(M,(t) — M,(s))* < C4E ((M,), — <Mn)s)2 < Oy(C2(t — 5))? = C,O*t — 5)*.  (7.51)
O

Lemma 7.7.3. Take a sequence (&,)n>0 of adapted processes &, = (&.(t),0 < t < T,
which are bounded by a universal constant: |£,(t)] < C for allt > 0 and n = 0,1,2,...
Take a sequence of standard Brownian motions (W,)n>0. Assume &, — & a.s. for almost

allt € [0,T] as n — oo, and W, — Wy a.s. wuniformly on [0,T] as n — oco. Then in

L*(Q, F,P), we have:
T T
| awamn > [ amaw
0 0
Proof. We can represent

< &AW, (t /50 )dWo(t >
§2E(/0 (&n — ) W, t) +2E(/ &o(t) Wo(t)))2

< [ Blem-a0rare / WA, — Wo)..

Now, the first term tends to zero because of Lebesgue dominated convergence theorem (ap-
plied twice, to the time integral and the expectation). The second term: since W, — W} is
a continuous square-integrable martingale, by Burkholder-Davis-Gundy inequalities, see [73,

Chapter 3, Theorem 3.28], we have:
E(W,, — Wo)r < CoE(W,(T) — Wo(T))>. (7.52)

Here, C5 is some universal constant. (Actually, we can take Cy = 1, but this is not important

now.) But W, (T') — Wy(T) a.s. So to prove that

E(W,(T) — Wo(T))? — 0, (7.53)
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we need only show that the family ((W,,(T) — Wo(T))?),>1 is uniformly integrable. To this

end, it suffices to show that

sup E [(W,(T) — Wo(T))?]” = sup B(W,,(T) — Wy(T))* < oo.

n>1 n>1

But this is true, because (a + b)* < 8(a* + b*) for all a,b € R, and therefore

E(W,(T) = Wo(T))* <8 (EW,{(T) + EWy(T)) = 8 (3T° + 31?%) = 4877 < oc.

Therefore, from ([7.52) and ([7.53)) we get:
E<Wn — W()>T — 0.

Thus,
T
E / E()dA(Wy — Woh < CTE(W, — Wo)g — 0.
0

The rest of the proof is trivial. m
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Chapter 8
RELATED INFINITE SYSTEMS

8.1 Driving Functions Which Are Not Brownian Motions

This section is devoted to infinite ranked systems of competing particles when the driving
functions are not necessarily Brownian motions. We can alter the definition of competing
Brownian particles a bit, allowing for a few particles at the bottom to be driven by something
else rather than Brownian motions. We prove existence of such systems and state convergence

properties for their gap process.

Definition 36. Fix ng > 1 and take i.i.d. standard Brownian motions B,, n > ng. Fix
parameters

gn €R, 0, >0, n > ny,
as well as parameters of collision (¢F),>1, and take continuous functions
X, X Ry = Ry
such that
X1(0) < ... < A, (0).
Take initial values ¥,, n > ng, such that
X6(0) < Ungt1 < Yngr2 < ...

Define
X (t) = Yn + gt + 0, By(t), n > mng, t > 0.

Suppose we have an R*>-valued process Y = (Y (t),t > 0) with continuous adapted compo-

nents Yy, = (Yi(t),t > 0), k=1,2,..., and real-valued continuous adapted processes

Lty = (Lep+1 (1)t =2 0), k=1,2,...
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such that the following is true:
Vi(t) = X,(t) + @ L1 (1) — @ Ly (t), k=1,2,..., t > 0.

For notational convenience, as usual, we let L 1) = 0. Suppose the conditions (i) and (iii)
of Definition [32 hold true. Then the process Y = (Y (¢),t > 0) is called a tweaked infinite
ranked system of competing Brownian particles with bottom driving functions Xy, ..., X,,.

All other terminology is the same as in Definition [32

Remark 29. The approzimative version of a tweaked system is defined similarly to the approx-
imate version of an infinite ranked system of competing Brownian particles, see Definition |33]
To define it, we need a concept of systems of competing particles (not necessarily Brown-
ian), when driving functions are not necessarily Brownian motions, but arbitrary continuous

functions. This concept is defined in [100, Section 2, Definition 1].

First, we can state an existence result. The proof is similar to Theorem from
Chapter 7 and is omitted.

Theorem 8.1.1. Suppose that

Z e~ < 0o for all a > 0.

n>ngo
Suppose that

inf g, > —00, supo? < oo.
n>1 n>1

Then the approximative version of the system from Definition [36| exists.

Now, consider the limiting behavior of the gap process. We find this behavior by compar-
ing tweaked and non-tweaked infinite systems of competing Brownian particles. We could
formulate a general theorem, but it would not be very illuminating. Instead, consider a

particular case. Let
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Then we have an infinite Atlas model with a general continuous function which drives the
bottom particle. Let us call this a tweaked infinite Atlas model with the bottom driving

function X;.

Theorem 8.1.2. Consider a tweaked infinite Atlas model (not necessarily an approximative

version) with the bottom driving function

Xi(t) = Bi(t) + f(2),

where By = (By(t),t > 0) is a standard Brownian motion, independent of By, Bs, ..., and
f Ry — R is a deterministic function such that

lim inf —f(t)—f(s)

Tooo t>8>T t—s

=:v € (0, 00]. (8.1)
Let Z = (Z(t),t > 0) be the gap process.

(1) Suppose v < oo. If v is a weak limit point of Z(t) ast — oo, that is, if Z(t;) = v for

some increasing sequence t; — oo, then

V= oy 1= ®Exp(2fy).
n=1
(11) If v = oo, then Z(t) = 0 as t — oo.

Proof. Fix € € (0,7). Then for some T' > 0 and for all ¢ > s > T we have:

-1,
By the memoryless property (see [I00, Remark 8]) the process Y (T + -) is also a tweaked
infinite Atlas model with the bottom driving function X;(7 + -), and its gap process is
Z(T+-). Since we are interested in the behavior of Z(t) as t — oo, without loss of generality
we can assume 7' = 0. Then for 0 < s < t we have:

f(t) — f(s)

>y —€.
t—s "
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As mentioned earlier, systems of competing particles (not necessarily Brownian) are discussed
!/
in [I00]. Now, for N > 2 let YV = (K(N),...,Y]\(,N)> be the system of N competing

particles with parameters of collision ¢ = 1/2, n=1,..., N, and with the driving function
XN — (X1,92 + Ba,...,yn + By)'.

In effect, this is what we get when we take the system Y and remove all of the ranked particles
from above, except the first N ones: in other words, when we remove Y1, Yy o,.... Let

ZWN) be the gap process for YV, By [100, Corollary 3.9, Remark 7], we get:

ZNW > Z,t), k=1,....N—1,t>0. (8.2)

Now, let

. g . /

v = (7Y, 7)
be the ranked system of N competing Brownian particles with symmetric collisions, with
drift coefficients v—¢,0, ..., 0 and unit diffusion coefficients, with driving Brownian motions
By, ..., By, starting from ?(N)(O) = Y™(0). In other words, this is the system of N

competing particles with symmetric collisions and with the driving function
- (N) /
X(t) = ((y —e)t + Bi(t), Ba(t), ..., Bn(t)) .

_ S - /
Let Z™) = (Z gN), ey Zﬁﬁ’l) be the corresponding gap process. We shall now compare

7™ and Z™. To this end, we compare
/
W) — (XQ(N) B Xl(N)’XB(N) B XZ(N)7 o ’X]g[N) _ X}&a)

and

V) () ) ) )
W 2N XN x —XNfl).

S
=

I
N\
)
=

|
|

We have:
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Since

FO) = f(5) = (v—e)(t—s), 0<s<t,
we have:

WM () = Wi (s) < W (1) - WY (s)
And for k=2,...,N — 1, we have:

W () =W (s) = Wy (1) — W (s).

Also, W,EN)(O) = W,iN)(O) for k=1,..., N — 1. By [100, Theorem 3.1], we have:

ZM0) <7 (), k=1,... N =1, t >0, (8.3)

N-1
(N) N—k
) = & t — oo.

k=1 ( N ), OO

So any weak limit point (Z(t), ..., Z(t))" is stochastically dominated by

Xe <2(7—6)N]\;j> :

j=1

o

But N > k is arbitrary. As N — oo, we have:

2y — £) L = 2y —e).

Thus,

®5<2(7—5)N§j) = QREQ(y-¢), N— oo

j=1

Therefore, any weak limit point of (Z;(t), ..., Zx(t))" is dominated by
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Snce € > 0 is arbirary, any weak limit point of (Z(t),..., Zx(t))" is dominated by

k

X E2v).

Jj=1

This is true for all k£ =1,2,..., which proves (i). Part (ii) is similar. O
Corollary 8.1.3. Consider a tweaked infinite Atlas model with the bottom driving function

Xi(t) = Bi(t) + f (1),

where f: Ry — R is a deterministic function which is continuous and differentiable on R,

and

lim f/(T) =~ € (0, 00].

T—00

Then conclusions of Theorem hold true.

Example 12. Suppose f(t) = t2, that is, the bottom particle has drift #* instead of a linear
drift. Then

Z(t) =0, t > 0.
8.2 Two-sided infinite systems of competing Brownian particles

In this subsection, we consider infinite systems of competing Brownian particles indexed by
n € Z instead of n = 1,2, .... We could not prove an existence theorem for these systems,
but we show some convergence results for the gap process, assuming a copy of such system

exists.

Definition 37. Fix parameters

(9n)nez, (072L>n627 (qrf)nez

with

0,>0,0<qr <1, ¢ 1+q, =1, neZ
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Let B,, n € Z, be ii.d. standard Brownian motions. Take an RZ-valued process ¥ =
(Y(t),t > 0) with continuous adapted components Y, = (Y, (t),t > 0), n € Z, and real-
valued continuous adapted processes Ly nt1) = (L(nn+1)(t),t > 0), such that:

(i) Yo(t) < Y1 (t), n€Z, t > 0;

(ii) Ya(t) = Ya(0) + gnt + 00 Bn(t) + @ Lin-1.0)(t) — @ Lin.ns1)(t);

(iii) L(nn+1)(0) = 0, L(nnt1) is nondecreasing and can increase only when Y,,(t) = Y, 41 (%).

Then the process Y is called a two-sided infinite ranked system of competing Brownian
particles with drift coefficients (gn)nez, diffusion coefficients (02 )nez, and parameters of colli-
sion (¢ )nez. We say that Y starts from Y (0) and has driving Brownian motions B, n € Z.
The component Y, is called the nth ranked particle. The process Ly, ,+1) is called the local

time of collision between Y,, and Yy 1. The R%Z-valued process
Z=(Z(t),t20), Z({t) = (Zn(t))nez, Zn(t) = Yni1(t) = Ya(t),
is called the gap process.
Assume a copy of such two-sided system exists. For integers M < N, let
YO = (Y y ()
be a finite system of N — M + 1 competing Brownian particles with parameters

(9n)m<n<n, (%) M<n<n, (Qf)MgngNu
with driving Brownian motions Byy, ..., By, starting from (Y,,(0),...,Yx(0))". Let

M,N M,N)\’
7000 — (Z{™, 2080

be the corresponding gap process. Then by [I00, Corollary 3.10] we have: for ¢ > 0 and
M <k<N,
Zy(t) < ZM (1),

Moreover, for M/ < M <k < N < N’, t > 0, we have:

M’',N' M,N
ZMN @) < 27 ().
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Suppose for sufficiently small M and sufficiently large N (say, for M < My and N > Ny) the

(M,N) (M,N

gap process 4 has a stationary distribution 7 ). A necessary and sufficient condition

for this is given in Proposition [3.5.1] Let

M,N M,N
(BN e (ENy

be Fo-measurable, and distributed as 7N,

Lemma 8.2.1. For every k <[ € Z, the random vector

<£I(€M,N)’ . :51(M’N)),

stochastically decreases as M decreases, and as N increases. More precisely, for M' < M <
E<l<N<N,
M',N' M N M,N M,N)\’
(6N, N) < (M, MY

The proof is similar to that of Lemma[7.4.1] Possibly by changing the probability space,

N)

we can compare 5,§M’ a.s. instead of stochastically. Let

& = lim ¢MN ke
Noo

Denote by 7 the distribution of the sequence (& )rez. For example, if the skew-symmetry
condition holds:

(g1 + qu+1)al€ = qk_alz—&—l + qualz—b keZ,
then

N—1
aMN) — ® Exp <)\,(€M’N)> ,
k=M

where )\IEM’N) >0, k=M,...,N — 1 are parameters. Since by Lemma we have: for
M <M<k<N<N,

f](gM/’N,) _ 8()\](€M/’N/) < §(M,N) & (A(M,N)> :
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then
)\](CM’,N’) > )\I(gM,N)'

So there exists

Moo= lim AMY € (0,00], k € Z.
M——o0
N—oo

If for all k € Z we have: A\, < 0o, then

™ =) Exp(\i). (8.4)

keZ

If for some k we have: A\, = oo, then we can still write (8.4)), assuming that Exp(co) = dy,
the Dirac point mass at zero.

The main result of this section is as follows. (The proof of this result is similar to

Theorem and is omitted.)

Theorem 8.2.2. Consider a two-sided infinite ranked system of competing Brownian par-
ticles, as described in Definition [37. Let Z be its gap process. Suppose for M < My and

N > Ny the gap process ZMN) has a stationary distribution ©MN)

, so that we can construct
a distribution w, as above.

(i) Then the family of R% -valued random variables Z(t), t > 0, is tight in R” in the sense
of componentwise convergence, and any weak limit point of Z(t) as t — oo is stochastically

dominated by 7.

(ii) In particular, if © is a Dirac point mass at 0 € R%, then Z(t) = 0 as t — oo.
Corollary 8.2.3. If m = §y, where 0 € R>, then Z(t) = 0 as t — oo.

Ezample 13. Consider the case of symmetric collisions: ¢& = 1/2, n € Z, 0, = 1, n € Z,
and

0, n > 0;
9n =
1, n<0.
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This is similar to the infinite Atlas model, only now there are infinitely many Atlas particles

with drift 1 at the bottom of the system. The skew-symmetry condition is true, and
N
aMN) — ® Exp()\,(gM’N)).
k=M

Try to find the parameters )\,(C_N’N):

( ) 1, k<0
JGp=7" 7 G-N+ ...+ )=
k+ N1 .

k+1¢+17 k=1

In particular,
N+1

INTON ¥

For k=—-N,...,N,

ANHIHRIN 1 N

\ENN) 2N+1
F ) 2v—mvey
W’ k - 1’ .« .. ,N.
As N — oo, we have: A;C_N’N) — 00. So ™ = dg is a Dirac point mass at 0 € R*>, and

Z(t) =0, t —» 0.

Note that we did not prove existence and uniqueness for this two-sided system. We just

noted that if it exists, then for every copy the gap process weakly converges to 0.

8.3 Construction of an Infinite-Dimensional SRBM in the Orthant

Definition 38. A table M = (M;;); j>1 of real numbers is called an infinite-size matriz. It
is called banded if each row and each column contains only finitely many nonzero elements.
For every N > 1, let [M]y := (M,j)1<i j<n be the corner principal submatrix of size N x N
of an infinite-size matrix M. An infinite-size matrix M is called completely-S if for every
N > 1, the matrix [M]y is completely-S. An infinite-size matrix M = (M;;); j>1 is called a
Z-matriz if all its off-diagonal entries are nonpositive: M;; <0, i # j. For M = (M;;); j>1,
let M' := (M;;); j>1 be the transpose of M; if M = M’  then M is called symmetric. For
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a vector a = (ay,as,...) € R® and an integer N > 1, let [a]y := (a1,...,ay) € RY. We
shall call a € R* banded if only finitely many of its components are nonzero. We denote
the infinite-size identity matriz by I = (6;5)ij>1. We shall call an infinite-size matrix A

symmetric positive definite if for all N > 1 the matrix [A]y is symmetric positive definite.

If M;, M, are infinite-size matrices and at least one of them is banded, then we can define
the matrix product M;M; in the usual way. Similarly, if M is an infinite-size matrix and
a € R* is a vector, and at least one of them is banded, then the product Ma is well-defined.
In both cases, if both M and a are banded, then the product is also banded.

Throughout this section, we denote S := R and S; :={x € S |z; =0}, i > L.

Definition 39. Take a symmetric positive definite infinite-size matrix A and a vector u €
R>. A (one-sided) infinite-dimensional (F;)i>o-Brownian motion B = (B(t),t > 0) with
drift vector p and covariance matriz A is an R*>-valued process B(t) = (Bi(t), Ba(t),...)
such that for every N > 1, [B]y = ([B(t)]n,t > 0) is an N-dimensional Brownian motion

with drift vector [u]y and covariance matrix [A]y.

It is easy to construct such Brownian motion from infinitely many i.i.d. copies Wy, W, ...

of standard Brownian motions in one dimension:
k
Bi(t) =Y eiWi(t), k>1, t >0,
j=1

where the coefficients c;; are to be determined: first ¢;1, then ¢y, c22, etc. Then the matrix

C = (cg;) is a “square root” of A.

Definition 40. Take an infinite-size banded reflection matrix R. Fix T > 0. Assume
X :[0,T] — R* is a continuous function. A solution to the Skorohod problem in the positive
orthant S with reflection matriz R and input function X is a pair (), Z) of continuous
functions [0, 7] — S which satisfy the following conditions:

(i) for every t € [0,T] we have: Z(t) = X(t) + RY(t) € S;
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(ii) for every i > 1, the function Y; is nondecreasing, Y;(0) = 0, and [ Z;(t)dY;(t) = 0.
The last equality shows that ); can increase only when Z; = 0, that is, when Z is on the

face S; of the boundary 05S.

A similar definition can be made for R, instead of [0, 7.

Let us describe the parameters of an SRBM in infinite dimensions. Let R, A be infinite-
size matrices such that R is a banded M-matrix with ones on the main diagonal, and A
is symmetric positive definite. Let u € R*. Assume we have a filtered probability space

(Q, F, (Fi)>0, P) with the filtration satisfying the usual conditions.

Definition 41. A continuous adapted S-valued process Z = (Z(t),t > 0) is an SRBM in
the infinite-dimensional orthant S with reflection matriz R, drift vector p and covariance
matriz A, starting from x € S, shortly SRBM™ (R, u, A), if there exists another R*>-valued
continuous adapted process Y = (Y (¢),t > 0) such that: (Y, Z) is a solution to the Skorohod
problem in the orthant S with reflection matrix R and input function B, where B is an

infinite-dimensional Brownian motion with drift vector u and covariance matrix A.

For finite systems of competing Brownian particles, the gap process is an SRBM in a

finite-dimensional orthant. Similar connection exists in infinite dimensions.

Lemma 8.3.1. (i) Take an infinite ranked system of competing Brownian particles with

parameters

(gn)nz15 (00 )nz15 (G Jnz1. (8.5)

Then the gap process is an SRBM in the infinite-dimensional orthant S with reflection matriz

1 —q O
—q 1 —g

0 —q 1
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covariance matrix

0?4035 —o03 0
2 2 42 2
A=
2 2, ;2
0 —o3 05+ 0}

and drift vector
p=1(92—91,95— g2,-..)".
(ii) Conversely, suppose we constructed a process Z = (Z(t),t > 0), which is an SRBM
in the infinite-dimensional orthant S with the parameters above. Then we can construct
a version Y = (Y (t),t > 0) of an infinite system of competing Brownian particles with

parameters (8.5)) such that Z is the gap process for'Y.

Proof. (i) is straightforward.
(ii) By definition, Z satisfies the equation: for every k = 1,2, ...

Zi(t) = 21+ (grs1 — gr) t+ Bi(t) + Li(t) — g Li1(t) — ¢y L (B)-

Here, Ly, is a continuous real-valued nondecreasing process with Lj(0) = 0 which can increase

only when Z;, = 0. But we can construct the process B = (By)r>1 as follows:
Bi(t) = o1 Wiia (t) — o Wi (t), t>0, k=1,2,...
where Wy, Wy, ... are i.i.d. standard Brownian motions. Let
Yh=2+...+2, k=0,1,2,...,
and define
Vi(t) = yk + gt + ok Wi (t) + ¢ Lp—1(t) — g Li(t), t>0, k=1,2,...
It is easy to check that Y is a required infinite system and Z is the gap process for Y. [

We can apply the Harrison-Reiman technique from [51] to prove strong existence and

pathwise uniqueness.
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Theorem 8.3.2. Assume p, and a,, grow polynomially with respect to n. Let

1 —q O
—oF 1 —a7
R = 43 UE] ’
0 —q 1

where ¢ > 0, qp + G =1, and g > q>1/2 for all k > 1. Then SRBM™(R, 11, A) exists

and is unique in the strong sense, regardless of the initial conditions.

Proof. Take a sequence a = (a,),>1 is a sequence of positive numbers. Consider the space

[e.e]
Ay = {x = (zp)n>1 € R | ||2la == Zan\xnl < oo} .
n=1
This is a Banach space with the norm ||-||.

Lemma 8.3.3. Let
B = (By)k>1, Br = (Bg(t),t >0), k> 1,

be i.i.d. standard one-dimensional Brownian motions. Consider an infinite-size banded ma-
trix X2 such that for every N > 1, the matriz [X]y is nonsingular. Take p € R*. Consider
the process

X =(X(t),t >0), X(t)=ut+XB(t), t>0.
This process is Ny -valued if N
St (Vs + lp1al) < o0, (8.6)
n=1
where A = X387 = (aij)ij>1-
Proof. Note that
Xn(t) = pnt + Vap Wy (t), n>1, t >0,

where W,, = (W, (t),t > 0), n > 1, are standard one-dimensional Brownian motions (not

necessarily independent). So

E[X®)]a <> an (|lt + Vamt) < .
n=1
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O

Definition 42. A linear mapping F': R® — R* is called a contraction of A, if it maps A,

into itself and for every x € A,, we have:
[F@)]la < kllz]a,

where k € (0,1) is a constant.

Take a probability space on which infinitely many i.i.d. standard Brownian motions are

defined.

Lemma 8.3.4. Consider an SRBM™>(R, 1, X)) with A = LT, where R,Y are infinite-size
banded matrices such that R has units on the main diagonal and nonpositive elements outside
it, and for every N > 1 [R|y is a nonsingular M-matriz and [X]y is nonsingular. Assume
there exists a sequence o = (a)n>1 of positive real numbers such that holds and the
mapping

r (I, — RD)x

is a contraction of A,. Then for every initial condition x € S (even for x = 0!), there exists

a unique strong version of an SRBM™(R, u, Y).

The proof emulates the proof of [51, Theorem 1] and is therefore omitted.

It is natural to try to find a,, = A", where

]__
A= qu(o,n, an =\, &k =2/q(1—q).

This completes the proof of Theorem [8.3.2] m
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